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1. Introduction
Two-dimensional gauge theories with N “ p2, 2q supersymmetry became a topic
of intensive research following the poineering work Ref. 1. While gauge fields do
not have propagating degrees of freedom in two dimensions, there is still some rich
physics at play. In particular, a 2d gauge theory becomes strongly coupled in the
infra-red (IR), opening the possibility for it to flow to a non-trivial fixed point. Ref.
1 not only explains how certain 2d N “ p2, 2q gauge theories—gauged linear sigma
models (GLSMs)—flow to non-linear sigma models (NLSMs) of Ka¨hler manifolds at
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2 Daniel S. Park
intermediate IR scales, but also explains how to understand their IR fixed points.a
The former fact implies that we are able to compute physical observables of non-
linear sigma models, which in turn have geometric interpretations, via gauge theory
computations. Furthermore, the fact that 2d N “ p2, 2q gauge theories can be used
to engineer N “ p2, 2q superconformal field theories (SCFTs) in the IR also entails
that gauge theories can be used to compute observables of type IIA or IIB string
compactifications.
The utility of supersymmetric field theories is that there are often exactly com-
putable quantities. One such quantity is the partition function of a supersymmetric
theory on a manifold given that the theory has enough supersymmetry. This is be-
cause with a certain amount of supersymmetry, the full path integral yielding the
partition function can reduce to a integral over a finite dimensional space. This is
called localization, whose first application to quantum gauge theory appeared in the
seminal work Ref. 5, which studies 4d N “ 2 SUp2q super-Yang-Mills theory. Note
that when the manifold is curved, the Lagrangian of a theory on that manifold is
not completely determined by its flat space Lagrangian—there is an ambiguity re-
garding terms that vanish in the flat-space limit. If one chooses the right curvature
terms, there exists a supersymmetry, the supercharge operator of which we denote
Q, that is preserved.
In the case of Ref. 5, the supercharge in question satisfies Q2 “ 0. Let us write
the partition function ZM of the theory on a manifold M schematically as
ZM “
ż
rdΦs exp p´SrΦsq , (1)
where Φ denotes all the configuration of fields in the theory. In this review, we
exclusively work in the case where M is Euclidean. The expectation value of a
Q-exact operator vanishes, i.e.,ż
rdΦs exp p´SrΦsq tQ,Os “ 0 (2)
given that the measure of integration and action on the manifold is supersymmetric,
i.e.,
rQ, Ss “ 0 . (3)
Thus ZM can be computed also by the path integral
ZM “
ż
rdΦs expp´SrΦs ´ t tQ, V uq (4)
for any t. The idea of localization is to choose a Q-exact action Sloc “ tQ, V u that
is bounded below by zero. Upon taking t to infinity, the integral (4) localizes onto
the locus in field space where Sloc “ 0, which we call the localization locus. The
aWhile Ref. 1 focused on abelian gauge theories, the results were generalized to non-abelian gauge
theories in subsequent work.2–4
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localization locus may have several different components, which we label by c. The
final integral is then given by
ZM “
ÿ
c
ż
Xc
rdxs expp´SrΦxsqZ1-looprΦxs (5)
where Xc is the component of the localization locus labeled by c, and x are co-
ordinates of the localization locus, whose number one would aim to make finite.
SrΦxs is the classical action evaluated at the field configuration Φx parametrized
by x. Z1-loop is the one-loop determinant of all the fields around that particular field
configuration.
The supercharge studied in Ref. 5 is topological, in that the stress-energy ten-
sor of the theory is Q-exact, and thus the partition function of the theory on the
manifold is independent of the metric. There are two distinct topological supersym-
metric backgrounds for 2d theories with N “ p2, 2q supersymmetry,6 coined the
A-model and the B-model.7 While these backgrounds have been mostly employed
to compute physical observables in non-linear sigma models, localization computa-
tions using the A-model supercharge have been carried out to compute gauge theory
correlators in Ref. 8.
The localization scenario described above can be slightly generalized to incorpo-
rate Q such that Q2 “ J , where J is some symmetry of field space. Oftentimes, J
is associated to an isometry of the space-time manifold M . Given that rQ, Ss “ 0,
we can repeat the argument above by using V that satisfies
rJ, V s “ 0 (6)
to localize the path integral in question.9–11 It would be remiss to go on without
emphasizing that the Ω-background12,13 used to compute the exact effective Ka¨hler
potential of N “ 2 supersymmetric gauge theories fall in this category.
We note that the modern notion of (curved) supersymmetric backgrounds, stud-
ied and developed in Refs. 14, 15 and 16, can be understood as expectation values
of fields (including the auxiliary fields) of a supergravity multiplet on manifold M .b
While the expectation values of the fields do not necessarily satisfy equations of
motion since gravity is not dynamical in this setting, they are required to preserve
some amount of supersymmetry. After the supersymmetry equations are solved,
the gravity multiplet may be coupled to a supersymmetric field theory to yield
a supersymmetric Lagrangian which in turn may be used to compute the parti-
tion function of the theory. We note that in this approach, a field theory must
have off-shell supersymmetry for it to couple to the supersymmetric background. A
systematic classification of supersymmetric backgrounds in two dimensions coming
from the N “ p2, 2q new-minimal supergravity multiplet has been carried out in
Ref. 19.c
bAlso see Refs. 17,18.
cSee Refs. 20,21 for subsequent developments.
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The current approach to computing exact partition functions is thus to first
pick a supergravity multiplet, classify supersymmetric backgrounds with the given
multiplet, use localization to compute the partition function and interpret the result.
While pointing out every major development in this direction of research is outside
the scope of this review, we have collected a small list of work, starting from the
work of Pestun computing the exact partition function of N “ 2 gauge theories on
the four-sphere,22 that have appeared leading up to computations23–34 of the same
spirit being carried out in two dimensions, as well as some early higher-dimensional
computations that are directly related to 2d localization.35–50
Localization computations for 2d N “ p2, 2q gauge theories took off after Refs.
23, 24 computed the exact partition function of the gauge theories on the “round
sphere.” Exact partition functions (and/or correlators) on the flat torus,25–27 the
hemisphere,28–30 RP2,31 the Ω-deformed sphere32,33 and the A-twisted higher-genus
Riemann surface34d were computed subsequently. While the result of the localization
computation for certain backgrounds, such as the A-twist or the flat torus, already
had well-established expectations, results of some—such as the round sphere par-
tition function for theories with conformal fixed points20,51,52—turned out to have
surprising physical interpretations. Meanwhile, the meaning of some quantities—
such as correlation functions on the Ω-deformed sphere—still remain to be under-
stood.
What makes these backgrounds useful is that the path integral can be localized
onto relatively unsophisticated saddles, whose moduli space is finite-dimensional.
Save for the flat torus, the path integral can be localized onto a Coulomb-branch
path integral, where the saddles of the path integral are parametrized by zero modes
of the sigma-fields—the scalar components in the vector multiplet—in the Cartan
subalgebra of the gauge algebra. At these saddles, the chiral fields are forced to
vanish, and can be completely integrated out. This should be contrasted to the
localization computation of Ref. 8, where the saddles used are vortex configurations
where both the chiral fields and the gauge fields take on non-trivial expectation
values.
The goal of this review is to present the results of supersymmetric localization
of 2d N “ p2, 2q supersymmetric gauge theories on supersymmetric backgrounds
and to discuss their physical and geometric interpretation. We place emphasis on
explaining how to actually carry out the computations, and various subtleties that
can arise when attempting to evaluate the partition function.
We choose to focus on three backgrounds: the “round sphere” or equivalently, the
two-sphere with no R-flux, the torus, and the equivariant A-twist on the sphere (Ω-
deformed sphere). The gauge theories we consider are those whose gauge multiplets
lie within the basic vector multiplet, and whose matter consist of chiral multiplets.
dThe partition function of a gauge theory on the A-twisted higher-genus Riemann surface can be
obtained by dimensionally reducing a three-dimensional computation, which also appeared in Ref.
50.
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Thus the scope of the review is restricted in two directions—the type of gauge
theories we consider,e and the type of backgrounds we focus on.
This review is structured as follows. We begin by going over basics of N “ p2, 2q
gauge theories we study throughout the review in section 2. We present the field con-
tent and the data that specify the gauge theories and explain important aspects of
global symmetries. We also introduce and review three (classes of) model theories—
the CPNf´1 model, the quintic GLSM and UpNq gauge theories with fundamental
and anti-fundamental matter—whose partition functions we compute on various
supersymmetric backgrounds throughout the course of the review. In section 3, we
review the basic framework for understanding the supersymmetric backgrounds.
Supersymmetric backgrounds can be understood as vacuum expectation values of
bosonic components of a supergravity multiplet coupled to the gauge theories. We
review the N “ p2, 2q new minimal supergravity multiplet and write explicit expres-
sions for the Lagrangian of a gauge theory coupled to a supersymmetric background
obtained by giving expectation values to components of this multiplet.
In the following three sections, sections 4, 5 and 6, we present localization for-
mulae for the round sphere, the torus, and the sphere with the equivariant A-twist,
respectively. For each of these backgrounds, we describe the localization locus as
well as background expectation values for the vector multiplets coupled to the flavor
current multiplets that can be turned on. We present the localization formula for
gauge theories, and use it to compute the partition function or correlators of model
gauge theories introduced in section 2. We also explain the interpretation of the
partition functions and correlators, when they are known.
In section 8 we summarize some applications of the localization computations.
On the side of physical applications, we focus on how localization has been used
to verify various dualities4,23,57,58 proposed for 2d N “ p2, 2q gauge theories. We
also review how supersymmetric partition functions and correlators are related to
geometric invariants of complex Ka¨hler manifolds.
We must acknowledge that we have, inevitably, focused on certain topics more
than others. It should be emphasized that this is not for the lack of importance of
the topics less covered, but simply due to the inability of the author to due justice
to all subjects. We give a brief summary of supersymmetric backgrounds that we
have not been able to discuss in detail in section 7. We list some more applications
of supersymmetric localization in subsection 8.3.
2. 2d N “ p2, 2q gauge theories
We begin by describing the gauge theories that we wish to study. While there are
a plethora of multiplets that can be utilized to construct field theory Lagrangians,
eExact partition functions of field theories with multiplets other than the standard vector and chiral
multiplets have been computed in the literature. Partition functions for theories with twisted chiral
matter and/or twisted vector multiplets have been computed in Refs. 52–54. Refs. 55, 56 study
theories with semi-chiral multiplets.
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we stick to gauge theories whose gauge fields lie in vector multiplets, and whose
matter fields form chiral multiplets.
While we relegate expressions for the components of the various multiplets and
how the various parameters show up in the Lagrangian of the theory to the next
section, let us summarize the data that specify the theories that we study. The
ingredients that go into specifying the theory are as follows:
‚ The gauge group of the theory G with gauge algebra g. The gauge fields
sit in the g valued vector multiplet, which we denote V.
(a) We denote the rank of G, rkpGq.
(b) The Cartan subalgebra h of g has rkpGq generators, which we index
by the labels a, b, ¨ ¨ ¨ .
(c) The components of V, in Wess-Zumino gauge, are given by
paµ, σ, rσ, λ˘, rλ˘, Dq.
(d) Twisted chiral and twisted anti-chiral multiplets may be constructed
by taking supercovariant derivatives of the vector fields in flat space,
whose bottom components are given by σ and rσ, respectively:
Σ “ iD´ rD`V , rΣ “ iD` rD´V . (7)
We note that in space-times with Euclidean signature, these two su-
perfields are independent, as opposed to the case when the space-time
signature is Lorentzian.
(e) Throughout the review, we refer to the entries of the Lie-algebra valued
bosonic component σ of the gauge multiplet as sigma fields.
‚ Charged chiral and anti-chiral multiplets Φi, rΦi in the representations Ri,
Ri of G.
(a) We denote the Up1qR-charge of the chiral multiplet ri. The charges ri
must be quantized for certain supersymmetric backgrounds.
(b) Given the flavor symmetry group Gf , we can turn on twisted masses
mF for each factor of the Cartan subalgebra
À
F up1qf,F of the flavor
symmetry group. We denote the flavor charge of the chiral fields under
up1qf,F , qiF .
(c) On manifolds with a non-trivial fundamental group, holonomies for
the R-symmetry or flavor symmetries may be turned on along non-
contractible loops.
(d) The components of Φi and rΦi are given by pφi, ψi,˘, Fiq and
prφi, rψi,˘, rFiq, respectively.f
‚ The superpotential W pΦiq, which is a function of the chiral fields Φi. W
must be invariant under gauge and flavor symmetry, and must have charge-
two under the Up1qR symmetry.
fThe placement of the flavor indices i with respect to the field symbols vary throughout the review
as to make the equations more readable. We hope that this does not cause the reader any confusion.
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‚ The gauge algebra c of the center C of the gauge group is either empty, or
is a direct sum of abelian components, which we index by I “ 1, ¨ ¨ ¨ , n:
c “
nà
I“1
up1qI . (8)
Here, n ď rkpGq, the equality being saturated when the gauge group is
abelian. We introduce the linear twisted superpotential
xW “ 1
2
ÿ
I
tIσI , (9)
where σI is the complex scalar component of the Ith abelian vector multi-
plet. We may write this superpotential in a basis-invariant form as
xW pσq “ 1
2
tpσq “ 1
2
ÿ
I
tI trIσ , (10)
where t is a complex vector in the dual of the Cartan subalgebra cC˚ Ă hC˚,
and the parenthesis denotes the canonical pairing between elements of h˚
and h. The parameters tI are complexified Fayet-Iliopoulos (FI) parameters,
whose real part encodes the theta-angle59 of up1qI . We often write:
tI “ iξI ` θI
2pi
. (11)
Before we move on, let us be a bit pedantic and review the difference between
an R-symmetry and a flavor symmetry. R-symmetry is a global symmetry under
which supercharges carry charge—it follows that components lying in the same
multiplet have different representations under the R-symmetry. Flavor symmetry,
in the context of supersymmetric theories, are global symmetires that commute
with supersymmetry—it is not part of the supersymmetry algebra. Thus the flavor
charges of all fields in a given chiral multiplet are equivalent.
Classically, in the absence of twisted masses, the R-symmetry group is given
by Up1qR ˆ Up1qA, given that the superpotential W of the theory has Up1qR-
charge 2, as we have assumed. We denote the first and second factor the vec-
tor and axial R-symmetry group, respectively. The Up1qR-charges of the compo-
nents pφi, ψi,´, ψi,`, Fiq and prφi, rψi,´, rψi,`, rFiq of the chiral and anti-chiral multi-
plets are given by pri, ri ´ 1, ri ´ 1, ri ´ 2q and p´ri,´ri ` 1,´ri ` 1,´ri ` 2q,
while the Up1qA charges are given by p0, 1,´1, 0q and p0,´1, 1, 0q. The flavor
charges, on the other hand, are given by pqiF , qiF , qiF q and p´qiF ,´qiF ,´qiF q, re-
spectively. Meanwhile, the vector and axial R-symmetry charges of the vector mul-
tiplet components paµ, σ, rσ, λ´, λ`, rλ´, rλ`, Dq are given by p0, 0, 0, 1, 1,´1,´1, 0q
and p0, 2,´2, 1,´1,´1, 1, 0q, respectively. Note that the twisted masses can be un-
derstood as giving a vacuum expectation value to the scalar components of back-
ground vector fields coupling to the flavor symmetries. Thus the twisted masses
break Up1qA symmetry explicitly.
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While a classical Up1qR symmetry group is still preserved in the quantum theory,
a classical Up1qA symmetry can be broken by anomalies. Thus when we refer to R-
charge or R-symmetry without further explanation, it should be understood that we
are referring to the vector R-symmetry. Whether the axial R-symmetry of a theory
exists in the quantum theory is crucial for determining the properties for its IR fixed
point. If the symmetry group Up1qA is unbroken in the quantum theory, the gauge
theory is expected to flow to a superconformal fixed point, as both left and right
moving R-symmetries, which are part of the superconformal algebra, stay intact. As
noted above, the axial R-symmetry may be broken by twisted masses classically, or
in the absence of twisted masses, broken by mixed anomalies. The mixed anomalies
are computed by fermion loop diagrams with two vertices—the axial R-symmetry
current on one vertex, and the flavor or gauge current on the other. While the mixed
anomaly between the R-symmetry current and the flavor current can be avoided
when the background vector field coupling to the flavor current is not turned on,
the mixed anomaly with the gauge current is unavoidable. Nevertheless, a discrete
subgroup of Up1qA can be shown to survive quantum mechanically. We describe
these subgroups in relevant examples, which we now present.
Throughout the review, we use three model gauge theories to illustrate how to
apply the various localization formulae. The three theories are the following:
(i) The CPNf´1 model.1,60
(a) Gauge group: Up1q.
(b) Charged matter: Nf chirals Φi with gauge charge 1 and vanishing
Up1qR-charge.
(c) xW “ 12 tσ. W “ 0.
(d) Up1qA symmetry broken to Z2Nf .
(ii) The quintic GLSM.1
(a) Gauge group: Up1q.
(b) Charged matter: 5 chirals Φi with gauge charge 1 and Up1qR-charge
0, and 1 chiral P with gauge charge ´5 and Up1qR-charge 2.
(c) xW “ 12 tσ. W “ PGpΦiq, G is a homogenous polynomial of degree 5.
(d) Up1qA symmetry is unbroken.
(iii) UpNq theory with Nf fundamental and Na antifundamental matter.
(a) Gauge group: UpNq
(b) Charged matter: Nf fundamental chiral fields QF , labeled by F P
rNf s :“ t1, ¨ ¨ ¨ , Nfu, and Na antifundamental chiral fields qQA, labeled
by A P rNas. We set the Up1qR-charges rF and qrA to be arbitrary for
now.g
gOnly for this theory are the chiral fields labeled by two different indices F and A. As noted before,
the index i is used to label all chiral fields, and the index F is used to label elements of the Cartan
subalgebra of the flavor symmetry group for all other cases.
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(c) Without loss of generality, we assume Nf ě Na. We also assume Nf ě
N , so that there exists a supersymmetric ground state.
(d) xW “ 12 t trσ. W is a generic gauge invariant polynomial of Up1qR-
charge 2, which must be a function of the mesons qQAQF .
(e) When all twisted masses are turned off, Up1qA symmetry unbroken for
Nf “ Na; broken to Z2pNf´Naq for Nf ‰ Na.
We turn on generic twisted masses for the matter in the UpNq theory unless stated
otherwise. The flavor symmetry of the theory, in the absence of twisted masses and
assuming all R-charges are equal, is given by SrUpNf q ˆ UpNaqs, whose Cartan
subgroup is given by Up1qNf`Na´1. We choose the conventions where the funda-
mental fields of UpNq transform as an anti-fundamental of the UpNf q component,
and the antif-fundamental fields of UpNq transform as fundamental fields of UpNaq.
The rank of the Cartan subgroup being pNf ` Na ´ 1q, we may turn on as many
twisted masses. We choose the more convenient route of turning on Nf`Na twisted
masses, which we denote sF and qsA, and identify them under the equivalence rela-
tion psF , qsAq ” psF ` s, qsA ` sq.23,61,62 We also can turn on flavor holonomies in a
similar manner when we put the gauge theory on T 2.
Before going on further, let us comment on the RG flow of these theories. We
first discuss theory (i) in some detail, and briefly comment on theories (ii) and (iii).
Much of what we discuss can be found in Refs. 1, 2, 3, 63 and 64. We follow the
exposition of Ref. 61 when discussing theory (iii).
Theory (i) flows to a CPNf´1 sigma-model in the intermediate IR regime. Let
us explain what we mean by the intermediate IR regime. The gauge coupling e0 of
a two-dimensional gauge theory has the dimension of mass. Thus the gauge theory
becomes strongly coupled at energy scales Λ with
Λ ă e0 . (12)
Meanwhile, there is a second coupling in the game when the gauge group has abelian
components, namely the FI parameters. The FI parameters are classically marginal,
but can flow—the beta function for the FI parameters are one-loop exact1 and is
given by
β “ ´ b0
2pii
, b0 “
ÿ
i
ÿ
ρPΛRi
ρ , (13)
where we take the view that β, as t, is a vector in hC˚—in fact, iβ must be a vector in
ic˚ Ă hC˚. It proves to be useful to define the vector b0 as defined for future purposes.
For theory (i), it follows that β “ ´Nf {p2piiq. Thus the effective FI coupling at scale
Λ is given by
qpΛq “
ˆ
ΛUV
Λ
˙Nf
qUV , (14)
where we have defined
q “ e2piit , (15)
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for the FI parameter t. We thus find that q becomes large when
Λ ă ΛUV|qUV|1{Nf . (16)
Now we assume that qUV is small enough—i.e., the imaginary part of t is positive
and very large—so that
|qUV| !
ˆ
e0
ΛUV
˙Nf
. (17)
We define the intermediate IR scale to be when Λ is between the two scales where
the gauge coupling becomes strongly coupled, and when q becomes small:
ΛUV|qUV|1{Nf ! Λ ! e0 . (18)
In this regime, the effective theory is given by a two-dimensional sigma model into
a CPNf´1 manifold, whose complexified Ka¨hler parameter is given by
tpΛq “ 1
2pii
ln qpΛq . (19)
The Ka¨hler parameter is a single complex number, as the second homology group
of CPNf´1 has rank-one. q being small in the regime implies that the imaginary
part ξ of the Ka¨hler parameter is large and positive, or “very positive”. Only when
the imaginary part of t is very positive is the sigma model controllable, since the
non-perturbative effects are suppressed by the large volume of the target space.
In the far IR, when
Λ ! ΛUV|qUV|1{Nf , (20)
the sigma-model is no longer reliable—the theory becomes massive. To be more
concrete, there are Nf ground state vacua, and all the fluctuations around a given
ground state are massive with masses much larger than Λ. This can be argued by
showing that the extrema of the quantum twisted superpotential xW pσq are given
by the Nf roots of
σNf “ q (21)
and that the ground states are reliably represented by these roots. By carefully
reinstating all the scales in place, it can be shown that all fluctuations around these
vacua have masses of order
|qUV|1{NfΛUV " Λ . (22)
Theory (ii) is quite interesting in two aspects. First, the FI parameter t is exactly
marginal and the theory flows to an interacting superconformal theory in the IR. The
variable t parametrizes the twisted chiral conformal manifold. Second, depending
on the value of t, the effective IR theory that describes the theory at length scales
where the effective gauge coupling becomes large, takes on different guises. When
|q| ! 1, i.e., when the imaginary part of t is very positive, the effective theory is
described by a sigma model into the famous quintic Calabi-Yau (CY) threefold.
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This is often called the large-volume limit of the SCFT. We should note that the
target space of an NLSM that is superconformal has a vanishing canonical class,
i.e., is Calabi-Yau. Meanwhile, when the imaginary part of t is very negative, the
effective theory is a Landau-Ginzburg orbifold theory. It is quite surprising that the
extended conformal manifolds of these two seemingly very different theories are the
same, and that in fact the two theories have an interpretation as different “phases”
of the same superconformal theory.1 Note that when discussing theory (ii), we do
not mention an intermediate IR scale, as the only energy scale in play is the scale
e0, where the effective gauge coupling becomes large. As before, in the “geometric
phase” where the theory flows to an NLSM into the quintic threefold, t is identified
with the complexified Ka¨hler parameter of the manifold. Meanwhile, the coefficients
of the superpotential, which are also exactly marginal deformations of the SCFT,
parametrize the complex structure moduli space of the manifold.
Theory (iii) has many moving parts. Let us first discuss the theory where all
twisted masses are turned off, and the R-charges are set to zero. The beta function
for the FI parameter is given by β “ pNa ´ Nf q{p2piiq, and the theory flows to
a superconformal theory in the IR only when Nf “ Na. When Na “ 0, and the
imaginary part of t is taken to be very positive, the theory flows to an NLSM of
the Grassmannian GrpN,Nf q, which is the space of complex N -planes in CNf , in
the intermediate IR regime. Each anti-fundamental matter can be interpreted as a
copy of the tautological bundle S of the Grassmannian. Thus in general, when the
imaginary part of t is taken to be sufficiently large, the theory flows to an NLSM
of the bundle S‘Na Ñ GrpN,Nf q in the IR. For Nf “ Na, the theory flows to the
NLSM of the manifold S‘Nf Ñ GrpN,Nf q for both limits |q| ! 1 and |q| " 1. The
two manifolds, however, are not equivalent, and are related by a flop. In particular,
the complexified Ka¨hler parameter of the manifold for |q| ! 1 is identified with t,
while the Ka¨hler parameter of the manifold obtained for |q| " 1 is identified with
´t.
The elements of the cohomology of the manifold X :“ S‘Na Ñ GrpN,Nf q
are represented by gauge-invariant polynomials of the sigma fields, as explained
in Ref. 2.h The operators built out of the sigma fields are elements of the quan-
tum cohomology ring65 of the manifold, and their correlation functions encode the
Gromov-Witten invariants6,66,67 of these manifolds. Now the flavor symmetry of the
gauge theory translates into isometries of the NLSM one obtains in the IR. Given
the existence of the Up1qNa`Nf´1 isometry of manifold X, one could ask about the
equivariant version68,69 of the quantum cohomology65 and Gromov-Witten invari-
ants70 of X. These can be computed by turning on the twisted masses sF and qsA
for the isometries. Below the energy scale of the twisted masses, the theory quickly
hWhile all the elements of the cohomology of S‘Na Ñ GrpN,Nf q are represented this way for
theory (iii) with all R-charges set to zero, this is not the case in general. For example, in the
geometric phase of theory (ii), there are 204 elements of the third cohomology of the quintic
threefold that cannot be represented using the sigma fields.
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flows to a theory of
`
Nf
N
˘
isolated massive vacua.63,64 The correlators of this theory,
however, encode the equivariant quantum cohomology of the original manifold M
with equivariant parameters sF and qsA.
3. Supersymmetric backgrounds
In this section, we discuss general aspects of supersymmetric backgrounds that we
can use to localize gauge theory on. We also write down the Lagrangians of gauge
theories in the supersymmetric backgrounds. We follow the approach of Ref. 19,
where the supersymmetric backgrounds are obtained by turning on expectation
values for fields in the N “ p2, 2q new minimal supergravity multiplet. We note
that all the formulae for the supersymmetric backgrounds and Lagrangians in this
section are borrowed from Ref. 19.i
As explained in the introduction, the supersymmetric backgrounds can be un-
derstood as vacuum expectation values (VEVs) of components of the N “ p2, 2q new
minimal supergravity multiplet. We utilize the bosonic components of this multiplet
denoted by
gµν , Aµ , Cµ , rCµ (23)
in Ref. 19. Obviously, gµν is the background metric, while Aµ is the vector field that
couples to the R-current. Cµ and rCµ are vector fields that couple to the current
associated to the complex central charge of the supersymmetry algebra. As in Ref.
19, it is useful to introduce the field strengths
H “ ´iµνBµCν , rH “ ´iµνBµ rCν . (24)
Following Ref. 19, we use “R” to denote the opposite of the scalar curvature in this
section. Given that these components are turned on, the Lagrangian of the theory
is given by
Lgauge `Lchiral `LW `LxW . (25)
Each term is written explicitly as follows.
iWhile we focus on gauge theories with chiral matter in this work, it is straightforward to couple
any N “ p2, 2q field theory whose flat space Lagrangian can be written in superspace, such as
a non-linear sigma model, to these supersymmetric backgrounds.19 Curvature couplings of 2d
N “ p2, 2q NLSMs have also been studied in Ref. 71.
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The term Lgauge is the gauge-kinetic term:j
Lgauge “ 1
e20
«
D1rσD1¯σ `D1¯rσD1σ ` 18 rσ, rσs2
` 2irλ`D1λ` ´ 2irλ´D1¯λ´ ` irλ´rσ, λ`s ´ irλ`rrσ, λ´s
` 1
2
ˆ
2if11¯ ` 12 rHσ ´ 12Hrσ
˙2
´ 1
2
ˆ
D ` 1
2
rHσ ` 1
2
Hrσ˙2 ff .
(26)
We note that we use the frame indices 1 and 1¯, where the metric is written
ds2 “ 2gzz¯dzdz¯ “ e1e1¯ . (27)
Note that by definition, f11¯ is imaginary. The covariant derivative Dµ defined to be
Dµ “ ∇µ ´ irAµ ` 1
2
s rCµ ´ 1
2
rsCµ (28)
where ∇µ is the covariant derivative including the metric and gauge connections.
Here, r is the R-charge of the field, while s and rs are the complex central charges
of the field. We note that s “ rs “ 0 for fields in the vector multiplet, but these are
non-vanishing for fields in the chiral multiplet when twisted masses are turned on.
We discuss this point further later on.
The kinetic term for the chiral fields can be written in the form
Lchiral “ 1
g2
ÿ
i
Li (29)
where
Li “ 2D1rφiD1¯φi ` 2D1¯rφiD1φi ´ rF iF i ` 2i rψi`D1ψi` ´ 2i rψi´D1¯ψi´ ` rφiDφi
´
ˆ
ri
4
R´ 1
2
Hrsi ´ 1
2
rHsi˙ rφiφi ` rφi ´rsi ´ rσ ´ ri
2
rH¯´si ´ σ ´ ri
2
rH¯φi
` 1
2
rφirσ, rσsφi ` i rψi` ´rsi ´ rσ ´ ri2 rH¯ψi´ ´ i rψi´ ´si ´ σ ´ ri2 H¯ψi`
` i?2p rψi`rλ´ ´ rψi´rλ`qφi ` i?2rφipλ`ψi´ ´ λ´ψi`q .
(30)
Here, all the fields in the vector multiplet can be understood as being matrices in the
Ri representation of g, and that the indices of the fields are contracted accordingly.
When we wish to turn on real twisted masses only, we may take
si “ rsi “ÿ
F
sF q
i
F , (31)
where sF are twisted masses for the flavor symmetry up1qf,F , and qiF is the flavor
charge of Φi.
jWhen the gauge algebra can be decomposed into a direct sum of sub-algebras, we may assign
to each component a separate gauge coupling. The gauge coupling, however, does not play a
prominent role in the backgrounds we study, as we see later on.
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It turns out to be more useful to allow more elaborate flavor backgrounds by
turning on supersymmetric expectation values for background vector multiplets
coupled to the flavor symmetry. This is particularly useful if one wishes to ultimately
promote a subgroup of the flavor symmetry group into a gauge symmetry. To do so,
we need to set all the central charges s and rs to zero, and couple the chiral fields to
the background flavor vector multiplet VF . Now turning on a constant real twisted
mass sF for a flavor symmetry is equivalent to turning on the supersymmetric
expectation values
sF “ rsF , aF,µ “ ´ i
2
sF rCµ ` i
2
rsFCµ , DF “ ´1
2
sF rH´ 1
2
rsFH (32)
for the fields in the vector multiplet VF . There are more general supersymmetric
configurations of VF that may be turned on depending on the supersymmetric
background the theory is coupled to. We explore such configurations further in the
subsequent sections.
The superpotential terms of the Lagrangian are determined by functions W andĂW of Φi:
LW “ F iBiW pφiq ` ψi´ψj`BiBjW pφiq ` rF irBiĂW prφiq ` rψi´ rψj`rBirBjĂW prφiq . (33)
for the superpotential W pΦiq of the theory. While W and ĂW do not have to related
in Euclidean signature, we restrict ourselves in the case where ĂW is related to W
by
ĂW pφiq “W pφiq , (34)
where the bar denotes complex conjugation.
We mostly consider twisted superpotentials that are linear in the field strength
multiplet of the abelian factors of the gauge group. The twisted superpotential terms
are then given by:
LxW “ ´ÿ
I
ξItrID ` i
ÿ
I
θ
2pi
trIp2if11¯q , (35)
where f11¯ is the field strength of the gauge field. For future reference, let us note
that for generic twisted superpotential functions xW and ĂxW of twisted superfields
Ωi with components pωi, ηi˘, Giq, the twisted superpotential terms are given by
LxW “GiBixW pωiq ` ηi´rηj`BiBjxW pωiq ´ i rHxW pωiq
` rGirBiĂxW prωiq ´ rηi´ηj`rBirBjĂxW prωiq ` iHĂxW prωiq . (36)
As before, we restrict ourselves to cases when the function
ĂxW is defined with respect
to xW such that ĂxW pωiq “ xW pωiq . (37)
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We note that the components of the twisted chiral field-strength multiplet con-
structed from the vector multiplet has components
pσ,?2λ´,´
?
2rλ`, iD ´ 2f11¯ ` i rHσq . (38)
The supersymmetric backgrounds are found by asking which expectation values
of (23) preserve some supersymmetry. The supersymmetry transformations of fields
in the supergravity multiplet can be found in Ref. 19, as well as a systematic classifi-
cation of supersymmetric backgrounds. Now in all the supersymmetric backgrounds
we discuss in this review, the Lagrangians Lgauge, Lchiral and LW are exact, in that
they can be written as tQ, V u for a preserved supercharge Q.k In fact, we use"
Q, 1
e20
Vgauge ` 1
g2
Vchiral
*
“ Lgauge `Lchiral (39)
as the localizing Lagrangian of equation (4) to localize the path integral to the
Coulomb branch, i.e., we take e0, g Ñ 0. Thus one might naively expect that the
partition function is only dependent on parameters of the twisted superpotentialĂW . This is almost true—the one-loop determinants of the theory depend on the
quadratic fluctuations around the localization locus, and these can depend on addi-
tional parameters of the theory, such as the R-charge, twisted masses or background
fluxes of flavor symmetries, as we see in specific examples later on. This is consis-
tent with the fact that such parameters appear in the supersymmetry algebra of
the localizing supercharge being used.
4. The round sphere
In this section, we review the round sphere partition function (or equivalently, the
partition function on the S2 with no R-flux) first computed in Refs. 23 and 24. The
background supergravity fields for the round sphere partition function are given
by:19
ds2 “ 4p1` |z|2q2 dzdz¯ , Aµ “ 0 , H “ i , rH “ i , (40)
where we have set the radius of the sphere to 1. We note that the gauge field Aµ
that couples to the R-symmetry current is set to vanish in this background.
The partition function can be made to localize onto the Coulomb branch locus
where all the components of the chiral fields vanish and the fields σ, rσ, D and f11¯
take on the constant values
σ “ pσ ´ i
2
m , rσ “ pσ ` i
2
m , D “ ´ipσ , 2if11¯ “ ´m2 . (41)
kWhile most of the supersymmetric backgrounds for N “ p2, 2q studied can be understood as
vacuum expectation values of the new minimal supergravity multiplet, the torus partition function
we study in section 5 is an exception, and should be understood as a background of a N “ p0, 2q
supergravity multiplet. There, a background gauge field coupling to the left-moving R-current,
which does not exist in the N “ p2, 2q supergravity multiplet studied here, is turned on.
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Here pσ and m are taken to be elements of the Cartan subalgebra ih. We often write
the components of pσ and m explicitly, i.e.,
pσ “ pσaT a , m “ maT a , (42)
where T a are generators of the Cartan subalgebra. As we have set the radius of the
sphere to be the unit of length, m is identified with the magnetic flux through the
sphere, and must be GNO quantized.72 Thus the path integral of the theory on the
round sphere localizes onto a sum over the magnetic flux m, and a finite dimensional
integral over the continuous real parameters pσa.
As discussed previously, we may turn on complex twisted masses in these back-
grounds by turning on components of the background flavor vector multiplet VF .
These complex masses are turned on by giving a vacuum expectation value to the
scalar components sF and rsF of VF . By supersymmetry, the vector field aF,µ and
auxiliary field DF of the multiplet must also take the following expectation values:
sF “ RepsF q ´ i
2
mF , rsF “ RepsF q ` i
2
mF , D “ ´iRepsF q , 2ifF,11¯ “ ´mF2 .
(43)
We have denoted the imaginary part of sF , mF to emphasize that mF is a back-
ground magnetic flux for the flavor symmetry. This flux must be quantized so that
qiFmF P Z for all chiral fields Φi. As before, we denote the complex twisted masses
for the multiplets Φi and rΦi,
si “ qiF sF , rsi “ qiF rsF . (44)
The round sphere partition function is given byl
ZS2 “ 1|W|
ÿ
m
ż ˜ź
a
dpσa
2pi
¸
ZclmppσqZ1`V,mppσq ź
i
Z1`i,mppσq , (45)
where the sum m runs over all GNO quantized fluxes. |W| denotes the order of
the Weyl group of the gauge algebra. Zclmppσq is the classical action evaluated at the
saddles:m
Zclmppσq “ exp
˜
´4pii
ÿ
I
ξItrIppσq ` iÿ
I
θItrIpmq
¸
“ e´2piřIptItrIσ´t¯ItrI rσq “ e´2pitpσq`2pit¯prσq .
(46)
As we see as we go on, the expressions become more elegant, once the variables σ
and rσ in equation (41) are used. The other factors of the integrand come from the
lOperators and defects may be inserted in the path integral, although we do not explore this
possibility in this section. The insertion of vortex defects in this background has been studied in
Ref. 73.
mWe note that it is not entirely accurate to call this piece the classical piece, in that the renormal-
ized real FI parameter ξI at the scale of the radius of the sphere should be plugged into equation
(46).23,24
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one-loop determinant of the vector and chiral multiplets. Z1`V,mppσq comes from the
vector multiplets:
Z1`V,mppσq “ ź
αą0
ˆ
´αppσq2 ´ αpmq2
4
˙
“
ź
αą0
´
´ αpσqαprσq¯ (47)
where the product runs over the positive roots α ą 0 of the Lie algebra g.n The
one-loop factor coming from integrating out Φi and rΦi is given by
Z1`i,mppσq “ ź
ρPΛRi
Γ
´
ri
2 ´ iρppσq ´ ρpmq2 ´ isi¯
Γ
´
1´ ri2 ` iρppσq ´ ρpmq2 ` irsi¯ “
ź
ρPΛRi
Γ
`
ri
2 ´ iρpσq ´ isi
˘
Γ
`
1´ ri2 ` iρprσq ` irsi˘ ,
(48)
where ΛRi Ă ih˚ denote the set of weights of representation Ri.
The integral (45) is a real integral, in that the contour of integration for pσa is
along the real line, when all the twisted masses si “ rsi are real. In many interesting
cases, the integrand of (45) may have poles along the real axis. The correct way to
deal with those cases is to first shift the R-charge of the chiral fields whose one-loop
determinant is responsible for the poles by a small positive amount δr.o After this
deformation, the integral (45) will not have any poles along the real axis, and may
be evaluated. The desired partition function may then be obtained by taking the
limit δr Ñ 0.p
To be concrete, let us write the explicit matrix integrals for the round sphere
partition function for theories (i), (ii) and (iii) introduced in section 2. For theory
(i), the partition function is given by
ÿ
mPZ
ż
dpσe´4piiξpσ`iθm˜ Γ `´ipσ ´ m2 ˘
Γ
`
1` ipσ ´ m2 ˘
¸Nf
. (49)
For theory (ii), it is given by
ÿ
mPZ
ż
dpσe´4piiξpσ`iθm˜ Γ `´ipσ ´ m2 ˘
Γ
`
1` ipσ ´ m2 ˘
¸5
Γ
`
1` 5ipσ ` 52m˘
Γ
`´5ipσ ` 52m˘ . (50)
For theory (iii), we write the partition function in a particular way that turns
out to be quite useful for multiple purposes. To do so, we introduce some notation,
nThere is an additional minus sign on each of the factors of the product in equation (47) compared
to Refs. 23,24, which has been correctly accounted for in Ref. 30.
oDepending on the properties one wants to preserve, this may not be possible. To be more concrete,
one might want certain superpotential terms to be present, and thus may want to impose linear
constraints on the supercharges of the various chiral fields in the theory. In this case, one needs to
shift the R-charges in a manner consistent with the linear constraints, such that all gauge invariant
polynomials of the chiral fields have positive R-charge.
pWhile the partition function ZS2 often has a well defined δr Ñ 0 limit, it may as well diverge.
For example, such divergences are present when the theory flows to an NLSM of a non-compact
Calabi-Yau manifold in the IR. Even in such cases, it has been shown that information about the
IR theory is encoded in the leading singular terms with respect to δr.74,75
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following Ref. 61. Note that the Cartan subalgebra of upNq is given the diagonal
entries and thus the saddles are given by the diagonal matricespσ “ diagppσaq , m “ diagpmaq . (51)
with ma P Z. We define the “packaged” variables
σa,` “ iσa “ ipσa ` ma
2
, σa,´ “ irσa “ ipσa ´ ma
2
ΣF,˘ “ iRepsF q ˘ mF
2
` rF
2
, qΣA,˘ “ iRepqsAq ˘ qmA
2
´ qrA
2
,
(52)
and the traces
Σ˘ “
ÿ
a
σa,˘ . (53)
We introduce the following differences to condense our notation. We distinguish the
various entries of the differences by their indices as follows:
Σab˘ “ σa˘ ´ σb˘ , ΣaF˘ “ σa˘ ´ ΣF˘ , ΣaA˘ “ σa˘ ´ qΣA˘ ,
ΣF1F2˘ “ ΣF1˘ ´ ΣF2˘ , ΣFA˘ “ ΣF˘ ´ qΣA˘ , ΣA1A2˘ “ qΣA1˘ ´ qΣA2˘ . (54)
The partition function for theory (iii) may now be succinctly written as
eiϕN
N !
ÿ
mPZN
ż ˜ź
a
dσa
2pi
¸
q
Σ`
` q
Σ´
´
ź
aăb
Σab`Σab´
ź
F
Γp´ΣaF`q
Γp1` ΣaF´q
ź
A
ΓpΣaA`q
Γp1´ ΣaA´q
(55)
with the phase ϕN “ NpN ´ 1qpi{2. We have previously introduced the exponential
of the complexified FI parameter q “ e2piit. q˘ are related to q by
q` “ e´ipipN`1qq , q´ “ eipipN`1qq¯ . (56)
The contour of integration of the integral (55) needs to be commented on, as we
have turned on flavor fluxes. By carefully reviewing the prescription for the contour,
one should be able to convince oneself that the contour should be taken such that
all the poles coming from the one-loop determinant of the fundamental fields should
be positioned below the pσa-contour, while those coming from the determinant of
the anti-fundamental fields should be positioned above the contour. In other words,
the contour should be taken such that it divides the two classes of poles.
When the beta function of an FI parameter ξ is negative or zero, the asymptotics
of the integrand becomes such that we may deform the contour of integration to
the lower-half plane for each pσa coupled to ξ linearly, once we take ξ to be very
positive. The final integral then can be written as a sum of residues of poles of
the integrand over poles lying below the contour of integration. When the beta
function is positive or zero, we can similarly deform the contour of integration to
the upper-half pσa plane once we take ξ to be very negative.
For the UpNq theories at hand, we can deform the contour of integration to the
lower-half plane and pick up the poles at
σa` “ ΣFa` ` n` , σa´ “ ΣFa´ ` n´ , (57)
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for n˘ P Zě0. The partition function then decomposes into the formÿ
~FPCpN,Nf q
Z
~F
0 Z
~F`Z
~F´ . (58)
Here, CpN,Nf q is the set of N -tuples of integers Fa such that
1 ď F1 ă F2 ă ¨ ¨ ¨ ă FN ď Nf . (59)
The component labeled by ~F comes from picking up precisely the poles (57) for
components of ~F .
The decomposition (58) has a beautiful interpretation, as the result of the lo-
calization computation on a different set of saddles, which is often called the Higgs
branch locus. A vector ~F P CpN,Nf q labels a Higgs sector of the theory, where
the fundamental fields F1, ¨ ¨ ¨ , FN take vacuum expectation values. In order for the
fields to do so, the sigma fields must take vacuum expectation values such that
σ ” diagpsFaq , rσ ” diagprsFaq , (60)
where the symbol “”” in this equation is used to indicate equivalence up to conju-
gation. The Higgs branch saddles are such that in the bulk of the sphere the fun-
damental fields F1, ¨ ¨ ¨ , FN take constant VEVs and the sigma fields take constant
values (60). One then needs to sum over the point-like vortices and anti-vortices
localized at the two poles of the sphere, in which the fundamental fields F1, ¨ ¨ ¨ , FN
are turned on. The factor Z
~F
0 is the one-loop determinant of the fields around the
constant field configuration, while Z
~F` and Z
~F´ denote the vortex and anti-vortex
partition functions,76 coming from summing over all the vortex configurations lo-
calized at the two poles of the sphere. Quite amazingly, the sphere partition function
allows one to compute the vortex partition function reliably without addressing the
vortex moduli space.
While we do not write the explicit expression for Z
~F
0 , which can be found in many
places in the literature,23,24,61,62 let us note that the vortex partition functions are
given by
Z
~F` “ Z ~Fv pΣF` ; qΣA`; qq , Z ~F´ “ Z ~Fv pΣF´ ; qΣA´; p´1qNa´Nf q¯q , (61)
where we have used the shorthand notation Z
~F
v “ Z ~F ,O“1v for the function
Z
~F ,O
v pΣF ; qΣA; qq “ÿ
ně0
qn
ÿ
|pnaq|“n
OpΣFa ` naq ¨
Nź
a“1
śNa
A“1pΣFaA qnaśN
b“1p´ΣFaFb ´ naqnb
śN 1
b1“1p´ΣFaF c
b1
´ naqna
(62)
defined for any symmetric polynomial O of |~F | “ N variables. We have denoted pnaq
to be N -tuples of non-negative integers, and |pnaq| :“ řa na. ~F c is a N 1 “ pNf´Nq-
tuple in CpNf , Nf ´ Nq, whose elements are given by the complement of ~F with
respect to rNf s. paqn is the Pochammer symbol, given by Γpa` nq{Γpaq.
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When the theory flows to a N “ p2, 2q superconformal fixed point in the IR,
the sphere partition function ZS2 has a beautiful interpretation first conjectured in
Ref. 51, and proven in Refs. 20, 52. The FI parameters tI of the gauge theory are
marginal deformations of the superconformal theory, and thus span the conformal
manifold of twisted chiral couplings of the IR theory. This conformal manifold has a
Ka¨hler metric,77–79 which can be identified with the Zamolodchikov metric.80 The
sphere partition function can be related to the Ka¨hler potential of this metric by
ZS2ptI , t¯Iq “ e´KptI ,t¯Iq . (63)
Note that the Ka¨hler potential K is determined up to shifts
KptI , t¯Iq Ñ KptI , t¯Iq ` fptIq ` fptIq , (64)
where f is a holomorphic function of the parameters tI . These come from local
counterterms in the field theory,19,20 which vanish in flat space. Thus, it is appro-
priate to think of the partition function ZS2 as a section of a bundle over the twisted
chiral conformal manifold, rather than a function.
When the superconformal theory in the IR is an NLSM with a target manifold
X, the FI parameters tI can be identified with the Ka¨hler parameters of X, and
the conformal manifold with its extended Ka¨hler moduli space. Thus, in this case,
ZS2 turns out to encode sophisticated geometric invariants, more about which we
discuss in section 8.
We end the discussion of the round sphere partition function by noting that while
ZS2 has an elegant interpretation when the gauge theory flows to a superconformal
fixed point in the IR, its meaning is not entirely clear when this is not the case. It
would be interesting to understand the significance of ZS2 when the IR theory is
not superconformal.
5. The torus
We now study the torus partition functions, computed in Refs. 25, 26 and 27. We
first review their results, which assumes that the gauge group is connected. We then
slightly extend these results to the case when the gauge group contains a discrete
factor in section 5.1.
The supersymmetric background for the torus is quite simple—the metric is
flat, and a flat connection for the gauge field ALµ , which couples to the left-moving
R-current of the theory, may be turned on. We can think of the torus as being
obtained by quotienting the complex plane with complex coordinate w with respect
to two independent shifts such that
w „ w ` 1 „ w ` τ , (65)
where τ is the complex structure of the torus. The flat connection for the left-moving
R-symmetry, which we denote Up1qL, is parametrized by the complex holonomy
z “
¿
t
AL ´ τ
¿
s
AL , (66)
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where t and s denote the temporal, and spatial cycles on the torus. In order to turn
on a holonomy z for the Up1qL-charge, all twisted masses for the chiral multiplets
must be turned off, as their introduction completely breaks the left-moving R-
symmetry classically. Meanwhile, flat connections of background flavor symmetries
may be turned on, parametrized by
quF “ ¿
t
aF ´ τ
¿
s
aF . (67)
The parameters z and uF both lie on a torus with complex structure τ , as they
have the periodicities (65). Following Refs. 25–27, we define the exponentiated pa-
rameters:q
q “ e2piiτ , y “ e2piiz , qxF “ e2piiquF . (68)
We note that when the left-moving R-symmetry of the theory is broken into a
discrete subgroup Γ of Up1qL by anomalies, the partition function is not well defined
unless y is restricted to be an element of Γ.
The path integral for the torus partition function localizes onto the space of
flat connections, parametrized by the holonomies of the connection around the two
cycles of the torus. As with the background flavor and R-symmetry connections,
this can be packaged into a complex parameter for each element of the Cartan
subalgebra of the gauge group, which we denote ua, following Refs. 25–27. After an
integration by parts, the path integral can be shown to be
ZT 2 “ 1|W|
ż
C
ź
a
dua
2pii
Z1`V puq
ź
i
Z1`i puq , (69)
with a middle-dimensional integration cycle C in the rkpGq-complex dimensional
torus, which we denote rT. The torus rT can be identified with the smooth cover of
the space of flat connections on T 2. As before, |W| is the order of the Weyl group
of the gauge group. We note that there is no sum over distinct topological sectors
when the gauge group is connected. The one-loop determinants coming from the
vector multiplet, and the chiral multiplet i are given by
Z1`V “
ˆ
2piηpqq
θ1pq, y´1q
˙rkpGqź
α
θ1pq, xαq
θ1pq, y´1xαq , Z
1`
i “
ź
ρPΛRi
θ1pq, yri{2´1xρqxqiq
θ1pq, yri{2xρqxqiq , (70)
where ri is the Up1qR-charge of the chiral multiplet. As before, α runs over the roots
of the gauge algebra, while ΛRi denotes the weights of the representation Ri of G.
We have introduced the notation such that
xρ “ e2piiρpuq , qxqi “ e2piiqiF quF . (71)
qIn this section and this section only do we use the variable q to denote the exponentiated complex
structure of the torus. This is not to be confused with the exponentiated FI parameters, which
the torus partition function does not depend on.
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The eta function and theta function have the expansions
ηpqq “ q 124
8ź
n“1
p1´qnq , θ1pq, yq “ ´iq 18 y 12
8ź
k“1
p1´qkqp1´yqkqp1´y´1qk´1q (72)
when the arguments are small. Note that these functions are multivalued with re-
spect to the variables q and y, and should really be viewed as functions of τ and z
for y “ e2piiz. Following Refs. 26,27, we write the function as θ1pτ |zq when we want
to emphasize this fact. θ1pτ |uq does not have poles with respect to u, while it has
zeros at u “ n`mτ . We find that
θ1pτ |u´ zq
θ1pτ |uq „
ymθ1pq, y´1q
2piηpqq3pu´ n´mτq (73)
around this point. It is also worth noting that
θ1pτ |z ` n`mτq “ p´1qn`me´2piimz´ipim2τθ1pτ |zq . (74)
Now the most non-trivial part of the equation (69) lies in the determination
of the contour of integration C. Note that the integrand of the integral (69) is
holomorphic at a generic point on the complex rkpGq-dimensional torus. Thus, the
integral (69) boils down to a sum of residues of the integrand. The singularity of
the factors of the integrand lie along the hyperplanes:
HI “
!
u : QIpuq ` rI
2
z ` qIF quF ” 0 pmod Z` τZq ) (75)
where I labels all the charged components of the chiral multiplets in the theory. To
be more concrete, the label I belongs to the set
I P t pρ, iq : ρ P ΛRi u . (76)
Recall that we use the index i to label the chiral multiplets throughout this review.
Then we find that
pQI , rI , qIF q “ pρ, ri, qiF q . (77)
Now let us define the set of codimension-rkpGq singularities of the integrand of
(69), rTs˚ing. For any u˚ P rTs˚ing, there are s ě rkpGq hyperplanes HI1 , HI2 , ¨ ¨ ¨ , HIs
intersecting at u˚. We use Qpu˚q to denote the charges associated to those hyper-
planes:
Qpu˚q “ tQI1 , ¨ ¨ ¨ , QIsu . (78)
The torus partition function (69) can then be written as
ZT 2 “
ÿ
u˚PrT˚sing
JK-Res
u“u˚
rQpu˚q, ηs ωT 2puq , (79)
where we have defined the differential form
ωT 2puq :“ Z1`V puq
ź
i
Z1`i puq du1 ^ ¨ ¨ ¨ ^ durkpGq . (80)
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In order to evaluate this formula we must review the definition of the Jeffrey-Kirwan
residue (JK residue).81–83r A vector η P ih˚ must be introduced to compute these
residues. While the individual residues depend on the choice of η, the final sum,
which yields the partition function, is independent of this vector.
After shifting the position of the pole to the origin, the definition of the JK
residue boils down to defining the residue of a rational rkpGq-form Ω that can
have poles along the hyperplanes QIpuq “ 0 for QI P Qpu˚q. The space of such
differential forms RQpu˚q can be understood as a graded vector space over the
complex numbers. There is a subspace SQpu˚q of this vector space, spanned by´ |Qpu˚q|
rkpGq
¯
rkpGq-forms:
ωS “
ź
QIPS
1
QIpuqdu1 ^ ¨ ¨ ¨ ^ durkpGq (81)
where S is an arbitrary subset of Qpu˚q with rkpGq distinct elements. For ωS , we
define the JK residue to be
JK-Res
u“0 rQpu˚q, ηs ωS “
#
1
| detpSq| when η P ConepSq
0 when η R ConepSq , (82)
where ConepSq is the cone in ih˚ spanned by the elements of S, and detpSq is the
determinant of the rkpGqˆ rkpGq matrix of charge vectors QI P S. This defines the
JK residue for any element of the vector space SQpu˚q. There is a natural projection
pi from RQpu˚q to SQpu˚q, which is the analogue of extracting the z´1 term of
the Laurent series of a rational function fpzq at z “ 0. Then, the JK residue of
any Ω P RQpu˚q is defined to be the JK residue of the projection pipΩq of Ω into
SQpu˚q.33,82,83
In order for ωT 2puq to be a single-valued differential form on the torus rT, it must
be invariant under the shifts ua Ñ ua ` 1 and ua Ñ ua ` τ for each index a. One
can check that while ωT 2puq is automatically invariant under the shifts ua Ñ ua`1,
invariance under the latter shift is not guaranteed with the holonomy z for the left-
moving R-symmetry turned on. The failure of ωT 2 to be invariant under this shift
reflects the Up1qL-anomaly of the theory.
Let us touch on a rather technical point, before moving on further. When the
charges of the hyperplanes meeting at a singularity are contained within a half-space
of ih˚, the hyperplane arrangement is said to be projective. When the arrangement
of the intersecting hyperplanes at some u˚ is not projective, the JK residue is
not well defined. To resolve such a situation, one must judicially shift parameters
such as flavor charges and R-charges to split-up the non-projective singularity in
rRefs. 26, 27 re-introduced Jeffrey-Kirwan residues into the physics literature, which has been
showing up in localization computations in diverse dimensions and backgrounds since.32–34,84
A generalization of the JK residue, coined the Jeffrey-Kirwan-Grothendieck residue, appears in
localization computations of half-twisted correlators of N “ p0, 2q GLSMs.85
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to projective ones, compute the partition function, and take the limit where the
parameters are set to their initial values.
Let us now write down some expressions for the torus partition function of the
model theories (i), (ii) and (iii), all of which can be found in the original works.26,27
For theory (i), we have
ωT 2puq “ 2piηpqq
3
θ1pq, y´1q
ˆ
θ1pq, y´1xq
θ1pq, xq
˙Nf
du . (83)
It is simple to verify that
ωT 2pu` τq “ yNfωT 2puq , (84)
and ωT 2 is not single-valued on rT unless y is an element of the multiplicative group
ZNf . In order to employ the formula (79), we must turn on y such that y ‰ 1, since
when y “ 1, ωT 2 diverges, and is not well-defined. Obviously, the torus partition
function computed by the formula (79) vanishes for yNf “ 1 such that y ‰ 1,
since we may take η “ ´1 in formula (79) and find that none of the poles of
(83) contribute to the partition function. Meanwhile, it is argued in Ref. 26 that
ZT 2 “ Nf for y “ 1.s
This is consistent with the fact that the CPNf´1 theory has Nf massive vacua
represented by the Nf solutions of
σNf “ e2piit , (85)
where t is the complexified FI parameter of the theory. For this theory, the torus
partition function computes a trace of the operator yJ , J being the charge of Up1qL,
with respect to these ground states. The sigma field σ has unit charge under the
action of the left-moving R-symmetry. The k-th vacuum |ky corresponds to the
expectation value
|ky : σ “ e2piik{Nf e2piit{Nf (86)
of the sigma field. We see that a generic element of the left-moving R-symmetry
group maps a vacuum to a non-vacuum. A discrete subgroup of the R-symmetry,
however, is preserved, since the set of vacua are preserved by a ZNf subgroup. The
generator ω “ e2pii{Nf of this subgroup maps |ky to |k` 1y. Thus the vacua may be
organized in representations of ZNf :
|k˜y “
Nf´1ÿ
k“0
e´2piik˜k{Nf |ky . (87)
It is simple to see that
ω|k˜y “ e2piik˜{Nf |k˜y (88)
sAlternatively, since we have turned off the Wilson line for the left-moving R-symmetry, we may
introduce twisted masses and use the localization formula for the A-twist on the torus to find that
ZT2 “ Nf .34
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where ω on the left-hand-side of the equation is understood to be an operator, rather
than a number. Then the trace over the ground states can be computed explicitly:
trωk “
Nf´1ÿ
k˜“0
e2piikk˜{Nf “
#
Nf when k ” 0 pmod Nf q
0 otherwise,
(89)
which is confirmed by the localization computation.
For theory (ii), we find that
ωT 2puq “ 2piηpqq
3
θ1pq, y´1q ¨
θ1pq, x´5q
θ1pq, yx´5q ¨
θ1pq, y´1xq5
θ1pq, xq5 du . (90)
The theory is superconformal, and thus ωT 2 is well-defined on rT for any value of y.
We can take η “ ´1 in equation (79) and find that only residues the second factor
of (90) contribute to the partition function. There are 25 poles at x “ e2piipz`k`lτq{5
for 0 ď k, l ď 4 whose residues can be summed up to give:
ZT 2 “ 1
5
4ÿ
k,l“0
y´l
ˆ
θ1pq, e2piip´4z`k`lq{5q
θ1pq, e2piipz`k`lq{5q
˙5
. (91)
ωT 2puq for theory (iii) is given by
ωT 2puq “ 1
N !
ˆ
2piηpqq3
θ1pq, y´1q
˙N ˜ź
a‰b
θ1pq, xax´1b q
θ1pq, y´1xax´1b q
¸
ź
a
˜ź
F
θ1pq, yrF {2´1xax˘´1F q
θ1pq, yrF {2xax˘´1F q
ź
A
θ1pq, yqrA{2´1x´1a qxAq
θ1pq, yqrA{2x´1a qxAq
¸
du1 ^ ¨ ¨ ¨ ^ duN
(92)
where we have turned on holonomies x˘F “ e2piiu˘F and qxA “ e2piiquA for the flavor
symmetry. We refer the reader to the original reference Ref. 27 for the evaluation
of this partition function.
The torus partition function, as computed, has a natural interpretation as the
elliptic genus86–88—a weighted sum over the Ramond-Ramond states of the two-
dimensional theory
ZT 2 “ TrRRp´1qF q¯HRqHLyJ
ź
F
xKFF , (93)
where HR and HL are the right- and left-moving Hamiltonian operators while J
and KF are the charge operators for the left-moving R-symmetry and the maximal
torus of the flavor symmetry, respectively. F is the fermion number. Note that when
the left-moving R-symmetry is broken to a finite subgroup Γ of Up1qL, yJ must be
restricted to be an element of Γ. When y and xF are all taken to 1, we arrive at
the celebrated Witten index,89 which counts the (graded) number of ground states
of the theory.
When the gauge theory flows to an NLSM in the IR, the elliptic genus has
an interpretation as the index of a Dirac operator in the loop space of the target
manifold.90 This is a geometric invariant that can be computed by integrating a
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certain elliptic density over the manifold.91 Now for an NLSM that has a (compact)
Calabi-Yau threefold as a target space, the elliptic genus is completely determined
by the Euler number χE of the threefold:
91,92
TrRRp´1qF q¯HRqHLyJ “ 1
2
χE φ0,3{2pq, yq “ 12χEpy
1{2 ` y´1{2q `Opqq . (94)
Here, φ0,3{2 is a weak Jacobi form, written out explicitly, for example, in Ref. 92. We
can check that the computation (91) for the quintic GLSM reproduces the Euler
number χE “ ´200 of the quintic threefold by utilizing the expansion (72) and
taking the limit q Ñ 0 :
ZquinticT 2 |qÑ0 “ ´100py´1{2 ` y1{2q . (95)
5.1. Discrete gauge symmetry
While we have discussed theories with a connected gauge group up to this point,
there are many interesting theories whose gauge group has multiple components.
In this section, we discuss the simplest case, when the gauge group factors into a
continuous, and a discrete factor:
G “ Gcont ˆ Γ . (96)
In this case, we must sum over all non-trivial principal Γ bundles over the manifold
M the gauge theory lives on. This can be readily computed by93
Homppi1pMq,Γq{Γ (97)
where the quotient is taken with respect to the adjoint action of Γ. We thus see
that the sphere does not have any non-trivial principal Γ-bundles, while the torus
does. The elements of (97) for the torus can be explicitly written out to be
t pg, hq : gh “ hg u{ „ (98)
where pg1, h1q „ pg2, h2q when pg1, h1q “ pg´1g2g, g´1h2gq for some g P Γ.
Now the chiral fields Φi in the theory transform as representations of Γ. Thus
for each g P Γ, there exists a matrix Λpgqij such that the action of g is given by
gpΦqi “ ΛpgqijΦj . (99)
Let us introduce the twisted partition function ZT 2pg, hq, which is the torus partition
function with twisted boundary conditions such that
Φipw ` 1q “ ΛpgqijΦjpwq , Φipw ` τq “ ΛphqijΦjpwq . (100)
Then the partition function of the theory ZT 2 must be given as a weighted sum
over the twisted partition functions ZT 2pg, hq for all commuting pairs of g and h.
To find the correct weights, we can view the gauge theory as a Gcont gauge theory
orbifolded by the global symmetry Γ. Following Ref. 94, we then arrive at
ZT 2 “ 1|Γ|
ÿ
gh“hg
ZT 2pg, hq . (101)
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We note that one can do something more interesting, while we do not explore
this possibility further here. For Γ whose second group cohomology H2pΓ, Up1qq is
non-trivial, we can consider a theory with discrete torsion which can be identified
with a choice of an element γ of this cohomology group.95 Once the torsion is turned
on, the torus partition function is given by
ZT 2 “ 1|Γ|
ÿ
gh“hg
γpg, hqZT 2pg, hq (102)
for some non-trivial phases γpg, hq. From the gauge theory point of view, this is
equivalent to coupling the Gcont gauge theory with global symmetry Γ to a non-
trivial topological field theory.96
Now let us consider two simple examples of gauge theories that flow to a Calabi-
Yau threefold in the IR, both Z5 orbifolds of the quintic threefold theory, at special
points in the complex structure moduli space where the theory has a Z5 symmetry.
Both theories have
G “ Up1q ˆ Z5 (103)
as their gauge group, with six chiral multiplets as matter: Φi with Up1q charge 1
and P with Up1q charge ´5, only differing in their charges under Z5. The charges
qi of the chiral multiplets under Z5 for the two theories, which we denote (ii)-A
and (ii)-B, are listed in table 1. Now the superpotential of these theories must be
further restricted to be invariant under the given Z5 symmetry—this is equivalent
to moving to a point in complex-structure moduli space where the threefold has the
appropriate Z5 isometry.
Table 1. Charges of chiral fields of theory
(ii)-A and (ii)-B under Z5.
Φ1 Φ2 Φ3 Φ4 Φ5 P
(ii)-A 0 1 2 3 4 0
(ii)-B 0 0 0 1 4 0
Now in the geometric phase of the IR theory, the action of the Z5 group in the IR
becomes an orbifolding action of the target manifold. The Euler numbers of the CY
manifolds obtained by orbifolding the quintic by the actions of table 1 can be found
in Ref. 97, among other places. We note that for (ii)-A, the action is free, i.e., does
not have any fixed points, and the resulting theory does not have a twisted sector.
This means that all the states of the orbifold theory can be obtained by projecting
the states of the quintic theory down to Z5-invariant subspace. This results in the
Euler number becoming a fifth of the Euler number of the quintic, i.e., χE “ ´40.
On the other hand, theory (ii)-B does have fixed points and twisted sector states.
Due to these states, the Euler number of the orbifold is given by χE “ ´88.
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These Euler numbers can be nicely computed by the torus partition function,
using the formula (101). Γ being abelian, the torus partition function can be written
as
ZT 2 “ 1
5
4ÿ
r,s“0
ZT 2pe2piir{5, e2piis{5q
“ 1
5
4ÿ
r,s“0
ÿ
u˚PrT˚sing
JK-Res
u“u˚
rQpu˚q, ηs ωr,sT 2 puq .
(104)
We can readily compute this partition function for theories (ii)-A and (ii)-B.
For (ii)-A, ωr,sT 2 is given by
ωr,sT 2 “
2piηpqq3
θ1pq, y´1q
θ1pq, x´5q
θ1pq, yx´5q
4ź
m“0
θ1pq, y´1xe2piimps´rτq{5q
θ1pq, xe2piimps´rτq{5q du (105)
We now show that
ZT 2pe2piir{5, e2piis{5q “ 0 (106)
for pr, sq ‰ p0, 0q. For such pr, sq, let us define ζ “ e2piips´rτq{5. Now taking η “ 1,
we find that there are five potential simple poles located at distinct points x “ ζ´m
for m “ 0, ¨ ¨ ¨ , 4. The JK residue at the pole x “ ζ´m, however, is given by
θ1pq, ζ´5mq
θ1pq, yζ´5mq
ź
0ďmp‰kqď4
θ1pq, y´1ζm´kq
θ1pq, ζm´kq “ 0 , (107)
since ζ5 “ q´r, θ1pq, qrmq “ 0 and the factors θ1pq, ζm´kq are all non-zero when
pr, sq ‰ p0, 0q. Hence we find that
Z
(ii)-A
T 2 “
1
5
ZquinticT 2 , (108)
consistent with the claim that the twisted sectors of theory (ii)-A should be empty.
Thus it is easy to see that
Z
(ii)-A
T 2 |qÑ0 “
1
5
Z
(ii)-A
T 2 |qÑ0 “ ´20py´1{2 ` y1{2q (109)
reproducing the Euler number χE “ ´40 for the orbifold.
Theory (ii)-B, on the other hand, has states in the twisted sector. ωr,sT 2 for this
theory is given by
ωr,sT 2 “
2piηpqq3
θ1pq, y´1q ¨
θ1pq, x´5q
θ1pq, yx´5q ¨
ˆ
θ1pq, y´1xq
θ1pq, xq
˙3
¨ θ1pq, y
´1xe2piips´rτq{5q
θ1pq, xe2piips´rτq{5q ¨
θ1pq, y´1xe8piips´rτq{5q
θ1pq, xe8piips´rτq{5q du .
(110)
We may take η “ ´1 and evaluate the JK residues at the 25 poles x “ e2piipk`lτq{5
of the second factor of equation (110) for each of the 25 twisted partition functions.
Taking the q Ñ 0 limit, we indeed arrive at
Z
(ii)-B
T 2 |qÑ0 “ ´44py´1{2 ` y1{2q , (111)
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reproducing the Euler number χE “ ´88.
6. The Ω-deformed sphere
Let us move on to describing the equivariant A-twisted sphere, or the Ω-deformed
sphere. This background was studied mainly in Ref. 33, but could be obtained
by dimensionally reducing a supersymmetric background on S1 ˆ S2 along the S1
direction.32 We follow the exposition of Ref. 33.
The supersymmetric background is given by the expectation values
ds2 “ gzz¯p|z|2qdzdz¯ , Aµ “ 1
2
ωµ , H “ Ω
2
µνBµVν , rH “ 0 , (112)
where ωµ is the spin connection of the metric and Vµ is defined to be the Killing
vector
Vµ “ izBz ´ iz¯Bz¯ (113)
of the Up1q isometry. The metric can be any smooth metric with the isometery
generated by Vµ. The localizing supercharge on this background squares to the
generator for the action of the isometry, Ω being the equivariant parameter. Thus
this background is the two-sphere analogue of the omega deformation12,13 in four
dimensions. Note that the background Up1q gauge field coupling to the R-charge has
unit magnetic flux through the sphere. Thus, in order to couple a theory consistently
to the background, all the fields of the theory must have integer R-charge.
We take the localizing action to be the standard gauge and chiral kinetic terms.t
The saddle of the action is simple in the zero-flux sector—it is given by setting
σ “ rσ to a constant real value with vanishing field strength 2if11¯. Meanwhile,
explicit expressions for the supersymmetric field configuration of the saddle points in
sectors with non-zero gauge flux have not been obtained. Nevertheless, assuming the
existence of such saddles, just enough information to compute the partition function
can obtained by utilizing supersymmetry and index theorems. In particular, it can
be shown that the bosonic zero modes, which can be identified as the coordinates
of the moduli space of saddle points, are given by
pσa “ pσaqS ` pσaqN
2
, (114)
where the subscript denotes the value of the field at the south or north pole of the
sphere. By supersymmetry, it can be shown that the saddles parametrized by pσa in
a given flux sector satisfies
pσaqN “ pσa ´ 1
2
Ωma , pσaqS “ pσa ` 1
2
Ωma , (115)
tAs in the case of the round sphere, one may choose a localizing action that localizes to a Higgs
branch locus.33
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where the ma are the fluxes of the Cartan elements of the gauge group:
1
2pi
ż
e1e1¯p´2if11¯q “ maT a . (116)
Recall that we may turn supersymmetric vacuum expectation values of the vec-
tor multiplets that couple to the flavor symmetries of the theory. We may thus turn
on supersymmetric field configurations of the sigma fields and the gauge fields in
the flavor vector multiplets parametrized by sF and mF so that
psF qN “ sF ´ 1
2
ΩmF , psF qS “ sF ` 1
2
ΩmF ,
1
2pi
ż
pdaF q “ mF , (117)
where psF qS,N are used to denote the vacuum expectation values of the sigma field
of the flavor vector multiplet at the south and north poles. We note that unlike
in the case of the round sphere, sF may be any complex number. Setting mF “ 0
corresponds to turning on an ordinary complex twisted mass.
The integration over these saddles has the extra complication of having gaugino
zero modes around them, as was the case for the saddles of the torus partition
function studied in the previous section. The partition function can be schematically
written as ÿ
m
ż
dpσ drpσ dpλ drpλ d pDZmppσ, rpσ, pλ, rpλ, pDq (118)
where ppσ, rpσ, pλ, rpλ, pDq form a zero-mode multiplet, and the sum over magnetic fluxes
m is taken. Due to the fact that Zm is invariant under the relevant supersymmetries,
it can be shown that the integrals, for each m, reduces to a holomorphic integral forpσa over a middle dimensional contour in CrkpGq.
The partition function of a gauge theory coupled to this background generically
vanishes. One can nevertheless insert operators at the poles of the sphere to com-
pute expectation values or correlators of operators. While more general operators
preserving the supersymmetry can be constructed, we consider the correlation func-
tions of gauge invariant operators constructed using the sigma fields of the vector
multiplet. For example, for the UpNq theory, the ring of these operators is generated
by
trσk , k “ 1, ¨ ¨ ¨ , N . (119)
We note that any such operator O can be written as a polynomial of the eigenvalues
σa of σ that is invariant under the Weyl group of the gauge group. We often write
Opσaq to denote the polynomial corresponding to the operator O.
The result of the path integral, with operators O1 and O2 inserted at the north
and south poles, is given by the weighted sum of the JK residues
xO1
ˇˇ
N
O2
ˇˇ
S
yΩ “p´1q
N˚
|W| Ω
´dgrav
¨
ÿ
m
e2piitspmq
Ωb0pmq
ÿ
pσ˚PĂMmsing
JK-Respσ“pσ˚ rQppσ˚q, ξUVeff s ImpO1,O2q , (120)
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of the differential form
ImpO1,O2q “ 1
ΩrkpGq
¨O1ppσNq ¨O2ppσSq dpσ1 ^ ¨ ¨ ¨ ^ dpσrkpGq
¨
ź
αą0
ˆ
αppσNqαppσSq
Ω2
˙ź
i
ź
ρPΛRi
Γ
´
ρppσNq`si,N
Ω
` ri2
¯
Γ
´
ρppσSq`si,S
Ω
´ ri2 ` 1
¯ . (121)
Here we have used the packaged variables
pσN “ pσ ´ 1
2
Ωm , pσS “ pσ ` 1
2
Ωm ,
sF,N “ sF ´ 1
2
ΩmF , sF,S “ sF ` 1
2
ΩmF .
(122)
and si,N{S “ qiF sF,N{S inspired by the saddles (115) and (117). As before, the sum
of m is taken over the GNO quantized magnetic fluxes, while the product over α is
taken over all positive roots. dgrav, defined by
dgrav “ ´dimpGq ´
ÿ
i
pri ´ 1qdimRi , (123)
coincides with the complex dimension of the target space when the gauge theory
flows to an NLSM in the IR. N˚ is an integer, whose determination we do not get
into here, while ts P cC˚ is the complexified FI parameter shifted by a multiple of
1{2, which amounts to the shift of the theta-angle by a multiple of pi:
ts ” t` 1
2
ÿ
αą0
α pmod hZ˚q . (124)
Some explanation is due regarding the evaluation of equation (120). ĂMmsing de-
notes the codimension-rkpGq singularities of the integrand Im on CrkpGq. The sin-
gularities lie where s ě rkpGq hyperplanes
HI,km “
! pσ : QIppσNq ` qIF sF,N ` rIΩ2 “ ´kΩ ) , (125)
for integers k with
0 ď k ď QIpmq ` qIFmF ´ rI (126)
intersect. The indices I and the variables defining the hyperplane equations are
defined in equations (76) and (77). For each such singular point pσ˚, we define, as
before, the set of associated charges
Qppσ˚q “ tQI1 , ¨ ¨ ¨ , QIsu . (127)
Now the JK residues at the codimension-rkpGq poles may be evaluated by the choice
of a JK vector. An important difference between this sphere partition function and
the torus partition function is that this choice matters—it must be chosen to take
the value
ξUVeff “ ξ ` 12pi b0 logR , R " 1 , (128)
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where b0 is defined in equation (13). When the IR fixed point is conformal with
b0 “ 0, the meaning of ξUVeff is clear. To explain equation (128) for b0 ‰ 0, we must
remind ourselves that the choice of the JK vector, at the end of the day, is choosing
an rkpGq-dimensional chamber Cξ,b0 among the chambers separated by cones of
dimension ă rkpGq spanned by the charges QI . Equation (128) instructs that Cξ,b0
should be chosen such that
DR0 ą 1 such that ξ ` 1
2pi
b0 logR P Cξ,b0 @ R ą R0 . (129)
As in the torus partition function, the formula (120) is not well-defined in the
presence of non-projective singularities. The usual prescription of dealing with such
cases—deforming the theory by some twisted masses to resolve the singularities and
taking the limit where the masses vanish—applies here as well. Meanwhile, it may
be the case that ξUVeff P ic˚ lies squarely on a lower-dimensional cone spanned by
the charges. In this case, one should slightly deform the JK vector, possibly to lie
in ih˚zic˚, and evaluate the formula.
Let us now write out correlators xσn ˇˇ
N
yΩ for theory (i). The integration measure
for the correlator is given by
Im “ d
ˆ pσ
Ω
˙
¨
ˆpσ ´ 1
2
Ωm
˙n
¨
$’’’&’’’%
śm
p“0
´ pσ
Ω
´ m2 ` p
¯´Nf
m ě 0
1 m “ ´1ś´m´1
p“1
´ pσ
Ω
` m2 ` p
¯Nf
m ě ´2
(130)
for the magnetic flux m, which is now just an integer. We see the integration measure
does not have any poles when m ă 0 and thus the sum over fluxes can be taken
over non-negative integers. Meanwhile, b0 “ Nf ą 0. Since all the charges of the
matter are given by QI “ 1 ą 0, this means we need to sum over all the poles of
the integrand Im. After introducing the variable x “ ppσ{Ω´m{2q, we arrive at the
formula:
xσn ˇˇ
N
yΩ “ Ω1´Nf
8ÿ
m“0
qm
ΩNfm
mÿ
`“0
Res
x“´`
Ω
nxnśm
p“0px` pqNf
“ ´Ω1´Nf
8ÿ
m“0
qm
ΩNfm
Res
x“8
Ω
nxnśm
p“0px` pqNf
.
(131)
We can explicitly evaluate the residues to obtain
xσn ˇˇ
N
yΩ “
$’’&’’%
0 n ď Nf ´ 2
1 n “ Nf ´ 1
0 n “ Nf .
(132)
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For larger n, we may use the following identity
xσNf fpσqˇˇ
N
yΩ “ ´Ω1´Nf
ÿ
m
qm
ΩNf
Res
x“8
Ω
NfxNf fpΩxqśm
p“0px` pqNf
“ ´qΩ1´Nf
ÿ
m
qpm´1q
ΩNf pm´1q
Res
x“8
fpΩx´ Ωqśm´1
p“0 px` pqNf
“ q xfpσ ´ Ωq
ˇˇ
N
yΩ ,
(133)
to compute the expectation values, where we shifted the variable xÑ x´ 1 in the
second line of the equation. This is a non-associative deformation of the quantum
cohomology ring6,98,99 of CPNf´1, as is discussed further in section 8.2.
The correlators for theory (ii), the quintic GLSM can be similarly written, where
we set ourselves in the geometric phase of the theory ξ ą 0:
xσn ˇˇ
N
yΩ “ Ωn´3
8ÿ
m“0
Res
x“8
ś5m
j“0p´5x´ jqśm
p“0px` pq5
xn . (134)
We now write down correlators for theory (iii). The formulae being quite long,
we set Ω “ 1, and use the packaged variables extensively. We define
σa,N “ pσa ´ ma
2
, σa,S “ pσa ` ma
2
,
ΣF,N “ sF ´
ˆ
mF ´ rF
2
˙
, ΣF,S “ sF `
ˆ
mF ´ rF
2
˙
,
qΣA,N “ qsA ´ ˆ qmA ` rA
2
˙
, qΣA,S “ qsA ` ˆ qmA ` rA
2
˙
,
(135)
and the traces
ΣN{S “
ÿ
a
σa,N{S . (136)
As in the case of the round sphere partition function, we also introduce the following
differences:
Σab,N{S “ σa,N{S ´ σb,N{S , ΣaF,N{S “ σa,N{S ´ ΣF,N{S ,
ΣaA,N{S “ σa,N{S ´ qΣA,N{S , ΣF1F2,N{S “ ΣF1,N{S ´ ΣF2,N{S ,
ΣFA,N{S “ ΣF,N{S ´ qΣA,N{S , ΣA1A2,N{S “ qΣA1,N{S ´ qΣA2,N{S .
(137)
As explained before, the operators we concern ourselves with can be expressed as
Weyl-invariant polynomials of the eigenvalues of the sigma fields. In the case of the
UpNq theory, these are none other than the symmetric polynomials of N variables.
The correlators then can be computed to give
xO1
ˇˇ
N
O2
ˇˇ
S
yΩ “ p´1q
N˚
N !
ÿ
mPZN
e2piitspΣS´ΣNq
ÿ
pσ˚PĂMmsing
JK-Respσ“pσ˚ rQppσ˚q, ξUVeff s Im ,
(138)
34 Daniel S. Park
where the integration measure Im is given by
Im “
Nľ
a“1
dpσa ¨O1pΣa,Nq ¨O2pΣa,Sq
¨
ź
aăb
`
Σab,NΣ
a
b,S
˘ Nź
a“1
˜
Nfź
F“1
ΓpΣaF,Nq
ΓpΣaF,S ` 1q
Naź
A“1
Γp´ΣaA,Nq
Γp´ΣaA,S ` 1q
¸
.
(139)
Taking the FI parameter ξ to be positive, we find that the poles picked up by
the contour integral are located at
Σa,N “ SFa,N ´ na,N , Σa,S “ SFa,S ` na,S (140)
for some ~F P CpN,Nf q for non-negative integers na,N{S. At the end of the day, the
integral factorizes, much like the round sphere partition function, into the formÿ
~FPCpN,Nf q
Z ~F0 Z
~F ,O1
N Z
~F ,O2
S . (141)
The functions Z ~F ,ON{S are related to the vortex partition functions defined in equation
(62) by
Z ~F ,ON “ Z ~F ,Ov p´ΣF,N;´qΣA,N, p´1qNf`Nqq ,
Z ~F ,OS “ Z ~F ,Ov pΣF,S; qΣA,S, p´1qNf`Naqq . (142)
We note that analogous results in higher dimensions have been obtained in Refs.
100,101.
The expectation values (120) reproduce the expectation values of operators in
the A-twisted theory7 when Ω is taken to zero:
lim
ΩÑ0
xO1
ˇˇ
N
O2
ˇˇ
S
yΩ “ xO1O2yA . (143)
This is evident from the supersymmetric background (112). This computation can
be viewed as the Coulomb-branch counterpart of the Higgs-branch computation of
the A-twisted correlators carried out in Ref. 8. More discussion on these correlators
from the geometric point of view is presented in section 8.2.
The interpretation of the correlators on the Ω-deformed sphere remains myste-
rious from the field theoretic point of view. The operation of composing operators
at the poles becomes non-associative in the presence of Ω, which is evident, for
example, in equation (133) for correlators in the CPNf´1 model. While one may
wonder if this has to do with the fact that operators constructed out of the sigma
fields preserve supersymmetry only when they are placed at the poles, no clear
physical picture of the supersymmetric operators has been given yet.u It would be
desirable to gain an understanding of these correlators based on a solid framework
comparable to that of the A-twisted theory.
uSome hints on the nature of these correlators exist in the literature, for example, in the discussion
about gravitational descendant invariants in chapters 26-30 of Ref. 102.
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7. More backgrounds
Before moving on to applications of localization computations on supersymmetric
backgrounds, let us give a brief summary of backgrounds and partition functions
that we have not been able to review in detail.
We begin with the hemisphere partition function computed in Refs. 28–30. Since
the hemisphere has a boundary, additional data living at the boundary must be
introduced in addition to the supersymmetric background specified in the bulk. The
appropriate data turns out to be a Z2-graded hermitian Chan-Paton vector space,
and a certain polynomial function related to the superpotential of the theory.103–106
Upon localizing the supersymmetric gauge theories introduced in section 2, the
hemisphere partition function turns out to be a function of the FI parameters, the
twisted masses, and the Chan-Paton data. In fact, the Chan-Paton data specifies
a B-brane107,108 B, while the partition function itself is conjectured to compute
the central charge of that brane. This central charge can be understood as an
overlap between the canonical Ramond-Ramond (RR) ground state and the RR
state corresponding to the brane:
ZD2pBq “ RRxB | 0 yRR . (144)
When the gauge theory flows to a Calabi-Yau manifold, the B-branes can be thought
of as D-branes wrapping holomorphic cycles of the manifold in the large-volume
limit. Upon choosing a suitable basis of branes, both the round sphere and Ω-
deformed sphere partition functions can be written as a weighted sum over a product
of hemisphere partition functions,29,30 i.e., the hemisphere partition functions can
be thought of as building blocks for sphere partition functions. Hemisphere partition
functions have also been used to confirm the role of the gamma class109–112 in
computing the central charge of B-branes.v
Meanwhile, the RP2 partition function,31 when the IR theory of the gauge theory
is a sigma model into a Calabi-Yau manifold, can be interpreted as the central charge
of orientifold planes in the large-volume limit:
ZRP2pCq “ RRxC | 0 yRR . (145)
Since RP2 is an unoriented manifold, there is no sum over fluxes when computing
the partition function. The fundamental group of RP2, however, is nontrivial—it
is Z2. Thus the RP2 partition function must be computed by summing over the
Z2 valued holonomies of the gauge fields. Upon choosing the appropriate weight
between the distinct topological sectors, one can compute the crosscap amplitude,
or the central charges of space-time filling orientifolds for Calabi-Yau manifolds in
the large-volume limit. When the gauge theory has a Z2-valued flavor symmetry, a
holonomy with respect to such a symmetry may be turned on along the Z2 element of
the fundamental group of the RP2. When the theory flows to an NLSM in the IR, the
flavor symmetry implies the existence of a Z2 isometry of the target manifold. The
vSee also Refs. 31, 113,114.
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partition function with the flavor holonomy activated then turns out to compute
the central charge of lower dimensional orientifold planes wrapping submanifolds
located along the fixed points of the corresponding Z2 isometry.
The A-twisted partition function and correlators of a gauge theory on a closed,
orientable Riemann surface Σg of genus g ě 1 have been computed in Ref. 34.w The
genus-g partition function of the A-twisted theory can be understood as a g-point
function of the handle-operator98 which has been computed for gauge theories, for
example, in Ref. 115. The localization computation correctly reproduces this result.
8. Applications
Up to now, we have described various supersymmetric backgrounds that may be
utilized to compute exact correlation functions of N “ p2, 2q gauge theories. While
the fact that we are able to compute expectation values of gauge theory observables
exactly is satisfying in and of itself, it has further reaching physical and mathe-
matical applications. While we mainly focus on applications of of supersymmetric
localization to the study of 2d dualities (section 8.1), and to quantum cohomol-
ogy (section 8.2), we have collected other important applications and point to the
relevant literature in section 8.3.
8.1. Dualities
Duality refers to either the equivalence of two different Lagrangian theories under
the map of their parameters, or the equivalence of their subsectors. In this section,
we concern ourselves with infra-red dualities, which implies the equivalence of the IR
fixed points, or even the IR effective theories of two distinct Lagrangian theories. The
exact partition function or correlators of supersymmetric gauge theories can be used
to confirm such dualities. While there are many dualities of two-dimensional N “
p2, 2q gauge theories that have been proposed and studied,4,23,57,58,61,62,116,117 we
choose to focus on Hori-Vafa duality57 and cluster dualities of quiver theories with
unitary gauge group factors in this section. We also briefly touch upon dualities of
theories with adjoint matter at the end of the subsection.
Hori-Vafa duality57 refers to the equivalence between gauge theories with chiral
matter and Landau-Ginzburg (orbifold) models of twisted chiral fields. More pre-
cisely, it refers to the duality between a gauge theory, specified by the data given
in section 2, with a theory of twisted chiral fields with the following data:
‚ Σ, with bottom component σ, is a twisted chiral field valued in the Cartan
subalgebra hC of the gauge algebra g of the original theory. We use the
notation trIσ to denote the projection of σ to the element I of cC P hC.
wThe 2d localization formula of Ref. 34 can be obtained by dimensionally reducing the partition
function of a three-dimensional gauge theory on Σg ˆ S1. The 3d computation of Ref. 34 also
appears in Ref. 50.
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‚ For each chiral field Φi in the original theory, there is a corresponding set
of twisted chiral fields Y i,ρ, with bottom component yi,ρ, labeled by the
weights ρ of Ri. Y
i,ρ are periodic, i.e., Y i,ρ „ Y i,ρ ` 2pii.
‚ The twisted superpotential is given by
xW pσ, yq “ 1
2
ÿ
I
tI trIσ ´ i
4pi
ÿ
a
σa
ÿ
i
ÿ
ρPΛRi
ρayi,ρ ´ i
4pi
ÿ
i
ÿ
ρPΛRi
e´y
i,ρ
(146)
‚ The Weyl group W of G is a discrete global symmetry of the Landau-
Ginzburg theory of Σ and Y . When W is non-trivial, it is gauged.
Here we have ignored possible twisted masses and R-charges of the chiral fields in
the original theory, but they are straightforward to incorporate. Hori-Vafa duality
is the statement that correlators of the original gauge theory is reproduced by
the correlators of this Landau-Ginzburg theory with an additional insertion of the
operator ź
αą0
|αpσq|2 , (147)
to the path integral, where α runs over the positive roots of g. Note that while
the algebra g is used in defining this Landau-Ginzburg theory, it is not a gauge
symmetry of the theory.
Now the round sphere partition function of the Landau-Ginzburg theory can be
computed to be compared with that of the gauge theory. The partition function of
twisted chiral fields, which we schematically denote by Y for the moment, localizes
on saddles where the twisted chiral fields take constant values:52
ZS2 “
ż
dY dY e´4pixW pY q`4pixW pY q , (148)
where our conventions slightly differ from the original reference. We can then com-
pute the sphere partition function of the Landau-Ginzburg theory that should match
that of the gauge theory—it is given by
ZLGS2 “
1
|W|
ż
dσdσ
ź
αą0
|αpσq|2e´2pitpσq`2pit¯pσ¯q
¨
ź
i
ź
ρPΛRi
ˆż
dyR
ż pi
´pi
dyI e
2iρpσRqyR`2iρpσIqyIe2ie
´yR sin yI
˙
,
(149)
where the factor of 1{|W| in the front of the equation is due to the orbifolding
action. We have introduced the subscripts R and I to denote the real and imaginary
part of the variables involved. Now note that unless ρpσIq are half-integers, the dyI
integrals vanish. Thus we find that the imaginary part of the sigma fields must be
GNO quantized:
σ “ pσ ´ i
2
m , ρpmq P Z . (150)
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The integral can now be written as a sum over GNO quantized fluxes:
ZLGS2 “
1
|W|
ÿ
m
ż
dσdσ
ź
αą0
|αpσq|2e´4piiξppσq`iθpmq
¨
ź
i
ź
ρPΛRi
ˆż
dyR
ż pi
´pi
dyI e
2iρppσqyR´iρpmqyIe2ie´yR sin yI
˙
.
(151)
The y integrals can be carried out explicitly to reproduce the sphere partition (45)
exactly. While Hori-Vafa duality was proven for abelian gauge theories in the original
work, the non-abelian case was best described as a conjecture except in a limiting
number of examples.118 The sphere partition function computation provides strong
evidence for it being true for gauge theories in general.
Let us now discuss cluster duality,61 elements of which have appeared in Refs. 4,
23,58,119. Cluster duality,61 some crucial components of were also discovered in Ref.
62, is based on the Seiberg-like duality120 of UpNq theories with Nf fundamentals
and Na anti-fundamentals, i.e., theory (iii).
4,23 The claim is that theory (iii) is dual
to theory (iv):
(iv) UpNf ´Nq theory with Nf antifundamental and Na fundamental matter.
(a) Gauge group: UpN 1q with N 1 “ Nf ´N .
(b) Charged matter: Nf antifundamental chiral fields Q
1
F , labeled by F
and Na antifundamental chiral fields qQ1A, labeld by A. The Up1qR
charges are given by 1´ rF and 1´ qrA.
(c) There is a single chiral meson M , that transforms as a fundamental in
the UpNf q subgroup and as an antifundamental in the UpNaq subgroup
of the flavor symmetry. When generic twisted masses and R-charges
are assigned, the flavor symmetry group breaks up into Up1qNf`Na´1
and the meson breaks up into Nf ˆNa massive chiral fields.
(d) The superpotential is given by
W 1 “W pMAF q `
ÿ
F,A
MAFQ
1
F
qQ1A , (152)
where W is the superpotential of theory (iii), with the gauge invariant
mesons qQAQF of theory (iii) replaced by the singlets MAF .
(e) The twisted superpotential of the theory is given by
xW 1 “ 1
2
t1trσ ` 1
2
«ˆ
t` N
1
2
˙ÿ
F
sF ` N
1
2
ÿ
A
qsA
` 1
2pii
δNf ,Na lnp1` zq
˜
´
ÿ
F
sF `
ÿ
A
qsA¸ff ,
(153)
for t1 “ ´t`Na{2, where it is useful to recall that the twisted masses
lie within a background vector multiplet. We remind the reader that we
always assume that Nf ě Na. We have ignored various contact terms
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that do not depend on the (dynamical/background) vector multiplets.
Here we have defined a convenient parameter
z “ eipipNf´Nqe2piit (154)
to make the equation simpler.
Much of the data regarding the duality can be succinctly captured by a quiver
diagram. A quiver diagram is made up of circular and square nodes with inscribed
positive integers and directed edges which connect a pair of nodes. The nodes encode
the gauge and flavor symmetry group—the circular nodes with inscribed numbers
Np stand for the UpNpq gauge group factors, while the squares stand for flavor
subgroups. Meanwhile, each edge corresponds to bifundamental matter, that is in
the fundamental representation of the group at the tail, and an antifundamental
representation of the group at the head. To each gauge node, we also associate
a complex number z that encodes the FI parameter of the corresponding unitary
gauge group factor. The type of gauge theories whose gauge/matter content can be
encoded into such a diagram is called a quiver gauge theory. The duality between
theories (iii) and (iv) can then be expressed by figure 1.
The bracketed terms of equation (153), which are dependent on the twisted
masses, have a surprising effect when the background flavor vector fields are pro-
moted to dynamical gauge fields, i.e., when a subgroup of the flavor group is pro-
moted to a gauge group. This happens when one takes a quiver gauge theory with
unitary gauge group factors and dualizes the theory with respect to a gauge node,
which we denote p for now. The bracketed terms in equation (153) amount to shift-
ing the FI parameters of the neighboring nodes of node p by a function of e2piitp ,
where tp is the complex FI parameter of UpNpq. Needless to say, from the rules we
have learned from the Seiberg-like duality of the UpNq theory, the dual quiver theory
should have a different rank, and a different quiver. Quite surprisingly, the rules for
mutating the quiver and modifying the various FI couplings by this duality map, ex-
plained in all their glory in Ref. 61, has been studied in detail in mathematics—they
are precisely the mutation rules studied in cluster algebras, originally formulated
by Fomin and Zelevinsky.121
The bracketed terms in equation (153) were found in Refs. 61, 62 by examining
the sphere partition function of theory (iii). Recall from section 4 that the sphere
NNf Na
z 1/z
N'Nf Na
Fig. 1. The quiver diagram of the dual theories (iii) (left) and (iv) (right).
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partition function of theory (iii) can be expressed asÿ
~FPCpN,Nf q
Z
~F
0 Z
~F`Z
~F´ , Z
~F` “ Z ~Fv pΣF`; qΣA`; e2piitq , (155)
where the vortex partition function Z
~F
v “ Z ~F ,O“1v is defined via equation (62).
Now we can also write the sphere partition function of theory (iv) but without the
additional terms proportional to the twisted masses in equation (153) byÿ
~F cPCpN,Nf´Nq
Z 1
~F c
0 Z
1 ~F c` Z 1
~F c
´ , Z 1
~F c
` “ Z ~Fv p12 ´ ΣF`;´
1
2
´ qΣA`; p´1qNae2piitq ,
(156)
where the ordered tuple ~F c, as a set, is the complement of ~F with respect to rNf s:
tF cI1u “ rNf sztFIu . (157)
While the perturbative pieces satisfy the relation
Z
~F
0 ” e2pii
´´
t`N12
¯ř
F ΣF``N
1
2
ř
A
qΣA`¯e´2pii
´´
t¯`N12
¯ř
F ΣF´`N
1
2
ř
A
qΣA´¯Z 1 ~F c0 (158)
up to an overall common factor independent of the twisted masses involved, the
vortex partition functions Z
~F
v and Z
~F c
v satisfy the relation:
Z
~F` “ Z 1
~F c
` ˆ
$’’&’’%
1 Nf ě Na ` 2
e´z Nf “ Na ` 1
p1` zq´řF ΣF``řA qΣA``pNf´Nq Nf “ Na .
(159)
The relative factors in (158) and (159) are precisely accounted for by the bracketed
terms of equation (153) in the dual of the UpNq theory.
The cluster dualities are IR dualities in a stronger sense in that the effective
theory of the intermediate IR regimes of the dual theories, as well as their fixed
points, are equivalent. In particular, when a unitary quiver gauge theory flows to
an NLSM at an intermediate IR scale, the duality manifests itself as an equivalence
between distinct constructions of the same target space. For example, the duality of
the UpNq theory has an interpretation as the canonical isomorphism of the Grass-
mannian.2,3, 122 When the theory is conformal, the duality rules indicate how the
coordinates of the quantum-corrected Ka¨hler moduli space of a Calabi-Yau mani-
fold are mapped under such equivalences. Cluster dualities of quiver theories also
have been approached from the point of view of the gauge/Yang-Baxter equation
correspondence123 using the torus partition function in Refs. 124,125.
Dualities of UpNq gauge theories with adjoint matter have also been explored
using round sphere partition functions. Duality of N “ p2, 2q˚ theories, which are
N “ p4, 4q theories broken by a twisted mass, have been studied in Refs. 61, 62.
Meanwhile, Kutasov-Schwimmer-like dualities126 of theories with adjoint matter can
also be verified by similar methods.62 These dualities have a beautiful application
in the context of the famed Alday-Gaiotto-Tachikawa (AGT) correspondence,127 as
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the sphere partition function of certain N “ p2, 2q theories can be identified with
correlation functions of certain conformal field theories on a Riemann surface. We
briefly discuss this point in section 8.3.
8.2. Geometric applications
In may instances, the N “ p2, 2q gauge theories of study flow to non-linear sigma
models of a Ka¨hler manifold, which we denote X throughout this section, in the
IR. The various partition functions and correlators compute geometric quantities
of the target space X of the IR theory. The most basic example of this is the torus
partition function. As reviewed in section 5, the Euler character of the target space
geometry of the IR theory is encoded in the torus partition function.
As noted earlier, when the gauge theory flows to an NLSM of a Calabi-Yau man-
fold, the round sphere partition function computes the quantum Ka¨hler potential
of the twisted chiral conformal manifold of the theory:20,51,52
ZS2 “ e´KptI ,t¯Iq . (160)
This has rather profound geometric implications. In particular, when the Calabi-
Yau manifold happens to be complex-three-dimensional, all the genus-zero Gromov-
Witten invariants,6,66,67 which “count” pseudo-holomorphic curves of given degree,
can be extracted from this partition function.51 Recall that the exponentiated FI
parameters
qI “ e2piitI (161)
parametrize the Ka¨hler moduli space of the target manifold X of the IR theory.
These coordinates are often called “algebraic coordinates” of the Ka¨hler moduli
space.8 The coordinates qI are natural from the point of view of the gauge theory,
as they are straightforwardly related to physical UV couplings, in which the various
partition functions are readily expressed.
Meanwhile, there is a separate set of coordinates on this moduli space, denoted
the “flat coordinates”,128–130 that are more appropriate to extracting the Gromov-
Witten invariants of the manifold. These flat coordinates xI are related to qI by
the “mirror map” of the form
xI “ log qI
2pii
` xI0 ` f Ipqq (162)
where f I is a holomorphic function of the algebraic coordinates. The constants
xI0 and the functions f
I can be extracted from the fact that the quantum Ka¨hler
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potential, or the sphere partition function of the theory, is given by the form51x
e´Kpx
I ,x¯Iq “´ i
6
ÿ
I,J,K
κIJKpxI ´ x¯IqpxJ ´ x¯JqpxK ´ x¯Kq ` ζp3q
4pi3
χpXq
` 2ip2piiq3
ÿ
η
Nη
`
Li3pe2piix¨ηq ` Li3pe´2piix¯¨ηq
˘
´ ip2piiq3
ÿ
η,I
Nη
`
Li2pe2piix¨ηq ` Li2pe´2piix¯¨ηq
˘
ηIpxI ´ x¯Iq
(164)
where η runs over the elements of H2pX,Zq, χpXq denotes the Euler character of
X, and
Likpzq “
8ÿ
n“1
zn
nk
. (165)
The numbers Nη are the integral genus-zero Gromov-Witten invariants labeled by
the homology class η. Thus, once the map (162) is established, it can be inverted to
write the quantum Ka¨hler potential in the flat coordinates, from which the Gromov-
Witten invariants can be extracted. Some applications of the round sphere partition
function in this context can be found in Refs. 131–134.
As noted in section 6, the A-twisted correlation functions of operators in the
twisted chiral ring can be computed by taking the Ω Ñ 0 limit from the localization
on the equivariant A-twisted sphere. The operators studied in section 6, i.e., the
gauge-invariant polynomials of sigma fields, can be identified as elements of the
“vertical” cohomology
dimXà
n“0
Hn,npXq (166)
of the target manifold X,2 which forms a subset of the A-twisted operators of the
non-linear sigma model. The vector space of gauge-invariant polynomials of the
sigma fields have a natural grading, which is the degree of the polynomials with
respect to the elements of σ. This grading can be identified with the grading n of
the vertical cohomology of equation (166).
The A-twisted correlators satisfy quantum cohomology ring65 relations, which is
a deformation of the classical cohomology ring. To be concrete, let us consider the
case when X “ CPNf´1. The classical cohomology of the theory is a ring generated
xIn order to arrive at the given formula, an appropriate frame must be chosen, or equivalently, a
product of a holomorphic and antiholomorphic function of the qI coordinates must be multiplied
to the sphere partition function:
e´K “ F pqIqF pqIqZS2 . (163)
The choice of the appropriate function F pqIq requires the knowledge of the Euler character χpXq,
which can be obtained by computing the torus partition function.
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by the hyperplane class, represented by the sigma field σ. Now σ, being a p1, 1q
form, must satisfy
σNf “ 0 , (167)
CPNf´1 being complex pNf ´1q dimensional. Thus the cohomology ring of CPNf´1
is given by Zrσs{pσNf q. In the quantum theory, however, this ring is deformed to
Zrσs{pσNf ´ qq with q “ e2piit.6,98,99 This is realized in the A-twisted correlation
functions:
xσNf ¨ fpσqyA “ q xfpσqyA , (168)
which can be obtained from equation (133) by taking Ω Ñ 0. Here, fpσq is an
arbitrary polynomial of σ. The localization formulae for A-twisted correlation func-
tions for Calabi-Yau GLSMs also reproduce classic results obtained by employing
mirror symmetry135 or by direct counting of holomorphic curves.8 For example, for
the quintic GLSM, equation (134) reproduces the famous result
xσkyA “
#
5
1`55q when k “ 3
0 otherwise,
(169)
when Ω is taken to vanish.
Meanwhile, the Ω Ñ 0 limit of the formula (120) has been used to compute A-
twisted correlators of Calabi-Yau NLSMs that have not been computed before. For
example, new correlation functions of operators when X is the Gulliksen-Neg˚ard
(GN) manifold,136 which is a submanifold of P7ˆGrp2, 4q, have been obtained this
way.33 Let us explain this example in a little bit more detail. The GLSM for the
GN manifold is a Up1q ˆ Up2q theory.137 Thus the sigma field can be written as
σ “ σ1 ‘ σ2 with σ1 P up1q and σ2 P up2q, and there exist two algebraic Ka¨hler
coordinates obtained by exponentiating the FI parameters, which we denote z and
w. The vertical cohomology of P7 ˆGrp2, 4q is generated by the elements
tr1σ , tr2σ , tr2σ
2 , (170)
where the subscript on the traces label the algebra with respect to which the trace
is being taken. Note that the existence of the inherently non-abelian operator tr2σ
2
is linked to the fact that Grp2, 4q is not toric. While the vertical cohomology of
P7 ˆGrp2, 4q is bigger, the basis elements of the vertical cohomology of X Ă P7 ˆ
Grp2, 4q are given by six elements:
1 P H0,0pXq , ptr1σq3
ˇˇ
X
P H3,3pXq ,
tr1σ
ˇˇ
X
, tr2σ
ˇˇ
X
P H1,1pXq , ptr1σq2
ˇˇ
X
, ptr2σq2
ˇˇ
X
P H2,2pXq . (171)
Here the notation “
ˇˇ
X
” has been used to denote that the given cohomology class
has been pulled back to, or restricted to, X. Now since the operator tr2σ
2 flows to
a four-form in the IR theory, it must be that
tr2σ
2
ˇˇ
X
“ aptr1σq2
ˇˇ
X
` bptr2σq2
ˇˇ
X
(172)
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for some coefficients a and b, which are dependent on the two algebraic coordinates
z and w on the Ka¨hler moduli space of X. These coefficients can be computed
exactly by solving the linear equations
a xtr1σ
ˇˇ
X
ptr1σq2
ˇˇ
X
yA ` b xtr1σ
ˇˇ
X
ptr2σq2
ˇˇ
X
yA “ xtr1σ
ˇˇ
X
tr2σ
2
ˇˇ
X
yA ,
a xtr2σ
ˇˇ
X
ptr1σq2
ˇˇ
X
yA ` b xtr2σ
ˇˇ
X
ptr2σq2
ˇˇ
X
yA “ xtr2σ
ˇˇ
X
tr2σ
2
ˇˇ
X
yA .
(173)
All the correlations functions listed in this equation have been computed by taking
the Ω Ñ 0 limit of the correlators on the equivariant A-twisted sphere in Ref. 33,
which thus leads to the values of a and b. To the author’s knowledge, this result
has not been obtained before Ref. 33, as the computation of correlators involving
non-abelian operators have only been performed for a limiting number of examples
before the recent advances in 2d N “ p2, 2q localization techniques.
Turning Ω on has an interesting effect. As discussed earlier, the most conspicu-
ous is that the quantum cohomology ring undergoes a non-associative deformation—
the existence of Ω renders the action of composition of fields, while still commu-
tative, non-associative. A simple example is that the quantum cohomology relation
of equation (168) is deformed into
xσNf fpσqˇˇ
N
yΩ “ q xfpσ ´ Ωq
ˇˇ
N
yΩ , (174)
as derived in section 6. The correlators for Calabi-Yau GLSMs also become more
interesting once Ω is turned on. The correlators of the sigma fields for the quintic
GLSM can be evaluated using equation (134):
xσk ˇˇ
N
y “ 0 pk “ 0, 1, 2q , xσ3 ˇˇ
N
y “ 5
1` 55q ,
xσ4 ˇˇ
N
y “ Ω 2 ¨ 5
6q
p1` 55qq2 , xσ
5
ˇˇ
N
y “ Ω2 5
5qp´17` 13 ¨ 55qq
p1` 55qq3 ,
...
(175)
The meaning of these correlators are not entirely clear from the geometric point of
view, although it seems sensible to conjecture that they are computing equivariant
classes of the moduli space of holomorphic maps from a two-punctured sphere to
X. This moduli space has a natural C˚ action, and Ω may be identified with the
equivariant parameter with respect to this action.138 More discussions along these
lines can be found in Ref. 139.
8.3. More applications
We conclude with listing and providing references for some important topics we did
not cover in the previous subsections.
One place that N “ p2, 2q gauge theories appear is as worldvolume theories
of surface operators in four-dimensional theories with N “ 2 supersymmetry.140y
yA related context in which 2d N “ p2, 2q gauge theories appear in the study 4d N “ 2 gauge
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When the N “ 2 theory is a gauge theory with gauge group G, an interesting
class of surface operators can be described by a gauge theory whose flavor current
is coupled to the four-dimensional dynamical gauge fields.145–147 The localization
techniques discussed in this review have been used to compute the partition function
of these coupled 2d-4d systems on various backgrounds. The supersymmetric index
of the N “ 2 theories in the presence of surface defects have been computed in
Refs. 25,148,149. Meanwhile, S4 partition functions of N “ 2 theories with surface
operators wrapped around an S2 Ă S4 have been computed in Refs. 62, 150. By
the AGT correspondence,127,151 these partition functions have an interpretation as
correlation functions of certain 2d conformal field theories on Riemann surfaces. The
various two-dimensional duality relations presented in section 8.1 can be interpreted
as symmetries of these correlation functions.62
The gauge-Bethe correspondence63,64 is the correspondence between physical
observables of certain 2d N “ p2, 2q gauge theories and integrable systems. The
round sphere partition function152 and the A-twisted correlators153 of these gauge
theories have been studied and interpreted in this context.
Supersymmetric partition functions have also been used to study gauge theories
that flow to NLSMs of unconventional geometries in the IR. Localization compu-
tations have been carried out in Refs. 55, 56 for gauge theories with semi-chiral
multiplets, which flow to geometries with torsion in the IR.154 The spectrum of
string states for ALE and ALF spaces have been studied using the torus partition
function of gauge theories with both chiral and twisted chiral matter in Ref. 54.
The Gromov-Witten invariants of non-commutative resolutions of singular spaces
have been computed in Ref. 155 using the round sphere partition function.
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